RATIONAL APPROXIMATION IN THE SENSE OF KATO FOR
TRANSPORT SEMIGROUPS*
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Abstract. In this paper we mix the rational approximation procedure, which is a time ap-
proximation with approximation in the sense of Kato, which is a space approximation for linear
transport equation. In 1970, H. J. Hejtmanek [9] gave such a procedure for approximation of the
linear transport equation and he proved the convergence only for explicit Euler scheme. We extend
this procedure to explicit and implicit Euler, Crank-Nicolson and Predictor-Corrector schemes which
have the rate 1,2 and 3 in the sense of rational approximation. Finally, we construct the numerical
illustration for justifying the above rate of convergence.
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1. Introduction . Let X,Y be real or complex Banach spaces. Let ||.|| denote
the norm in X. L£(X,Y) is the space of all bounded linear operators from X to Y,
L(X):=L(X,X). Let Abe a closed densely defined linear operator in a Banach space
X which generates a strongly continuous semigroup e*. By a rational approximation
we mean the existence of a rational function R(z), z € C such that [R(£ A)]™ tends in
some sense to e*4. It is clair that any rational function cannot have a such property,
so we define
DEFINITION 1.1. A rational complex function R, is acceptable, if
(i) |R(2)| <1, forall Re(z)<0;
(ii) R(iz) # 0 for all x € R;
(iii) There ewists a real constant p > 1 such that R(z) = e + O(|z|P*!) as |z| — 0.

In this definition the condition (iii) implies that R(0) = R'(0) = 1 and p is called
the convergence rate of this approximation. If we want to emphasis on the rate of
convergence we say that R, is p-acceptable (see [6]).

Concerning the approximation in time (semi-discrete approximation), there is
wealth of literature concerning the convergence and stability of the rational approxi-
mations of an abstract Cauchy problem (see [1, 2, 3, 7, 10, 12, 13, 14, 15, 17]) In [10],
Hersh and Kato have shown that if R is p-acceptable, then for any f € D(AP*+2),

Tim [R(ZA)" ] — ] =0 (L1)

and the rate of convergence is O((1/n)?).

In [2] the assertion (1.1) is improved by Bremner and Thomée in the following
manner:

THEOREM 1.2. Let R be a p-acceptable rational function, then for any f €
D(APTY),

IR A" S = e 7] = O((1/n)+). (12)
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In other words, the rate of convergence is p.

In [7] and [13] an important improvement concerning the rate of convergence is
given in the case where A is the generator of an analytic strongly continuous semi-
group, by proving that in this case one has (1.1) for any f € X. In [14] and more
recently in [15] and [17], the same problem is investigated, when A is the generator
of an analytic semigroup and the time step size is not uniform. In [8] this problem
is generalized in the case where the time step size is not uniform and A generates
a Cp-semigroup which is not analytic and it is proved that for any o > 1/2 and for
every s € (0,0 —1/2) , there exists some constant C, depending on « and s such that

IR A" — )1 - ) < Cult + 1)

. ”, (13)

SEES

where § = 5 oo

In the next section we will give some different expressions of the rational ap-
proximation function in an abstract setting and we define few well known algorithms
such as Euler explicit and implicit methods which have the same rate of convergence
p = 1, Crank-Nicolson method with p = 2 and predictor corrector with p = 3. The
corresponding rate of convergence of these methods in time follows from Theorem 1.2.

Concerning the approximation in space, when A is the generator of a (Cp) semi-
group, we define the convergence in the sense of Kato (see [11]).

DEFINITION 1.3. We say that a sequence of Banach spaces {(Xn,|.|ln) : n =
1,2,--+} converges to a Banach space (X, ||.||) in the sense of Kato and we write

X, X x

if for any n there is a linear operator P, € L(X,X,,) (called an approzimating oper-

ator) satisfying the following two conditions:

(K1) Ty [|Puflla = fll for any f € X;

(K2) for any fn € X, there exists f) € X such that f, = P, f" with ||f] <
C\frlln (C is independent of n).

Let X, 2 X, B, € L(X,) and B € L(X). We say that B,, converges to B in

the sense of Kato and we write B, X. B if
lim ||B,Pnf — PuBf|ln=0 (1.4)

forany f € X.

In the above context T. Ushijima [16] recovered the Lax equivalence Theorem.
Another investigation in this direction is accomplished in [5] by the two first authors
of this paper in which it is constructed an approximation family for the transport
semigroup which converges in the sense of Kato to transport semigroup.

We assume that R is is a p-admissible rational function, with

k J
R(z) := P(z) = 2j=0 5 (1.5)

Q(2) Z?:o B;7

DEFINITION 1.4. Let A be the generator of a (Cy) semigroup U(t). We say that
R, is p-acceptable in the sense of Kato, if for any n € N there exists a finite
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sequence of operators Aglj), i=12,- m=(k(k+1)¢({+1))/2, such that each of
them is a finite difference approximation of A and

where

. ,
Ua(t) = 2oL il AP (1.7)
Bol + 325y BT, AP

We think that is difficult to establishes the existence of the sequence Ag ), j=
1,2,---,m in a systematic manner, but we do believe that is possible to construct
this sequence in case by case.

For an illustration we look to the linear transport equation. We consider a matter
of particles, constituted of neutrons, electrons, ions and photons. Each particle moves
on a straight line with constant velocity until it collides with another particle of
the supporting medium resulting in absorption, scattering or multiplication. The
unknown of the transport equation is the particle density function u(x,v,t). This is a
function in the phase space (z,v) € 2 x V C R?" at the time ¢ > 0, which belongs to
its natural space X = L'(Q,V). Actually, foV u(x,v,t) dr dv designates the total
number of particles in the whole space 2 x V' at the time ¢. The general form of the
transport problem is the following

% =—v-Vu—o(z,v)u+ [, plz,v,v)u(z,v t)d’ in QxV,
(TP) u(z,v,t) =0 if z-v<0, forall z €0
u(z,v,0) = f(z,v) € X,

In this equation which is known as linear Boltzmann equation the first term of
the right hand side —v - Vu(z,v,t) illustrates the movement of the classical group
of the particles in the absence of the absorption and production interactions. The
second term in which o is the rate of absorption, represents the lost of the particles
caused by the diffusion or absorption at the point (z,v) in the phase space. Finally
the integral of the last term represents the production of the particles at the point
(z,v) in the phase space. The kernel p(x, v’,v) in this integral generates the transition
of the states of particles at the position x and having the velocity v’ to the particles at
the same position having the velocity v. The velocity space V is in general a spherical
shell in R™, namely

V:{UERn:OSUminS|U|§Umax§+oo}~

In this article, we study the particular feature of the transport equation in which
we replace Q with (—a,a) and we take V := [—1,1]. We assume that o is a strictly
positive continuous function with

0 < 8 < o(z) < spr for almost any = € (—a,a) (1.8)

and we replace the kernel p(x,v,v’) by %p(m) which is a positive continuous function
independent of (v,v’), such that

0< sup p(x)=kum. (1.9)

z€[—a,a]
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With these assumptions the transport problem (TP) can be replaced by the
following simplified problem

%lt‘ =-—v-Vu—o(@)u+3 filp(a:)u(x,v,t)dv in (—a,a) x [-1,1];
u(—a,v>0,t) =0, wu(a,v<0,t)=0 forallt>0; (1.10)
u(z,v,0) = f(x,v) € L((—a,a) x [-1,1]).

REMARK 1.5.
(a) We denote the production term Af = %f_llp(x)f(x,v)dv = p(x)Pf, with

1
Pf= %[1 fx,v)dv, (1.11)

which is a rank one projection on L!'((—a,a) x [~1,1]). This space being gen-

erating we get ||P|| = 1, and ||A|| = ks, since ||A|| < ks and for the constant

function p(x) = kys we get the equality.
(b) It is well-known that the problem (TP) generates a (Cp) semigroup U (t)

For defining the approximating spaces X,, we proceed as in [5]. We divide the
phase space (—a,a) x [—1,1] into a finite number of cells by chopping the z interval
(—a,a) into 2m,, equal parts and the v interval [—1,1] into 2u, equal parts; h,, and
k, are the lengths of these parts, that is,

1
hn = i’ kn

mpy Mn

Then each cell can be labeled by a pair of integers (i,7) € A/, where
N ={G7):i=-—mp,...,—1,0,1,....mp. = —pp,...,—1,0,1, ... up}.

The number of the particles in cell (2, ) = [thn, (i +1)h,] X [kn, (§ +1)ky] is written
&ij

We define the set of all real vectors &; ; as the Banach space X,, with the norm

HgHTL:Z‘g%J'a geXn

.3

In [5] for proving that the approximating space X,, converges in the sense of Kato to
X, we have proved the following Lemma.
LEMMA 1.6. (See [5]) For P,f ={&; : (i,7) € N'} where

(i+1)hn  p(i+1)kn
&= / / f(z,v)dzdv,
i J

ihn L2

we have
(i) 1Puflln = If1l, for any 0 < f € X;

(it) | Pullecx,x,) = 1:

(111) limp,— o0 | Puflln = I fIl, forany f € X.

The three last sections are concerned with different cases of transport equation.
In the first one (section 3) we consider the collision free transport equation when the
absorption rate o and production p rate of transport problem (TP) are zero. We
show that the approximating problem converges in the sense of Kato and by choosing
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an appropriate approximating operator for different schemes all the schemes (Explicit
and implicit Euler, Crank-Nicolson and Predictor-Corrector) give a unique algorithm
which is a discrete form of the exact solution. We have to point out that this is one of
the rare partial differential equations such that by taking an adequate approximating
operator for any scheme, one can retrieve a discrete version of the exact solution.

In the section 4 we take 0 # 0 and p = 0, the correspondent equation is called
tomography or absorbing transport equation. Since here we cannot retrieve numer-
ically the exact solution we prove that the rate of the explicit and implicit Euler,
Crank-Nicolson and Predictor-Corrector schemes are respectively 1,2 and 3.

The section 5 is devoted to transport equation in his whole generality. In this
case we cannot represent the explicit solution of the equation. So, we will use the
Theorems 1.2 and 3.4 of [5] for proving the convergence of the approximate solution
in the sense of Kato.

In the last section we construct the numerical illustration for justifying the above
rate of convergence.

2. Finite-difference approximation in abstract setting. Let us consider
the abstract Cauchy problem:

du =
(CP) 7 = Au fort > 0,
u0)=feX

in a Banach space X and assume that A is the generator of a bounded strongly
continuous semigroup e*4 in X.

There are various methods for resolving this problem by time finite-difference
approximation and the most well-known of them are
(a) Euler’s implicit and explicit schemes:

X 1 — X X 1— T
DAL TN Agneq and LT Ag
T T

which are equivalent to
Tpy1 =T —7A) e, and z,.0 = (I +7A)z,.

Replacing 74 by z the rational approximation function of Euler’s implicit scheme
becomes R(z) = (1 — z)~! and for explicit Euler’s scheme R(z) =1 + 2.

(b) Crank-Nicolson scheme:
The Crank-Nicolson scheme can be obtained by mixing the explicit and implicit
Euler’s schemes as follows. Take the x,, /2 the value of u at the point ¢,/ in
the middle of [t,, t,,+1] such that

Tn+1 — xn+1/2
7/2

xn+1/2 — T

=A d
$n+1/2 an 7_/2

= Axp4q /25
which gives
r

Tnit = (14 (AT~ (HA) a0,

Here the rational approximation function will be R(z) = (2 + 2)(2 — )%
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(c) Predictor-Corrector scheme:
Here we add the equation

Tn+1 — Tn — A Tpt1 + T
T 2

with a predicted equation

Tn+1l — In

- = A(ffn+1/2)a

where the predicted value of x,, 1,2 can be corrected by the equation

Tn+1 — Tpt1/2

7/2 = A($n+1).

This manipulation gives
Tpt1l = T + % |:A$n + A (2$n+1 — %Al‘n+1):|

and by separating z,,41 from x,, we get
T 27 72
l'n_;’_l = (I + gA)(I — gA + EAQ)*IJ:”.

. . . z z Z2 —
The corresponding rational function would be R(z) = (1+ £)(1 — 2 + £ )7L,
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REMARK 2.3. For predictor-corrector scheme

1+2 22 23
3 T%

We remark that for z = iz, 0 # |R(z)| < 1, since 1+ %2 <1+ §+ %. Furthermore the

conformal transformation z — 2|’z(iil2) +1, maps the left hand-side plane [Rez < 0] into

the unit disc D(0,1), so according to maximum principle |R(z)| < 1 for all Re(z) <0
and the assertions (i) and (ii) of Definition 1.1 follow. Finally, (2.5) implies that

R(z) —e* = O(|z[), (2.6)

consequently we get the assertion (iii) of Definition 1.1 for p = 3, and by using
Theorem 1.2 the rate of convergence is p = 3.

3. Approximation of collision-free transport equation. The first step in
this model is when the particles move without obstacle, that is the medium is so
rarefied such that there is no other particle can change the directions of each particle.
In this case if at the time ¢ = 0 and at the point x there are f(x,v) particles with
velocity v, then at the time ¢, these particles find themselves at the point x — tv. So
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From (3.3) we get the convergence in the sense of Kato, with zero at the right
hand side of (1.6). Proof. The assertion (a) follows from

Uon () Pnf = Uon(t){&i i} = {&i—njj} = {/( . f(fl?w)dxdv}
y(i=nj.j

{/ flx— tv,v)dxdv} = P, Us(t)f.
v(4,5)

and the assertion (b) from

€] = / / f(,v)dzdo < || 1]
~y(i—nj,5)

O

By computation of this expression we follow the exact value of approximating

solution. As we will see the collision-free transport equation is one of the seldom

equations in which by the judicious choice of discretization operators, the final value

of these methods coincide with the exact value of solution at the point of discretization.
For the sake of importance of this result, we will announce it as a Theorem

THEOREM 3.3. Let us define for Fuler’s explicit, Euler’s implicit, Crank-
Nicolson and predictor-corrector schemes the following approximated semigroup:

° [Ugieriexp(ﬂz)g]i,j — [g_’_TéE’l;;Lerfeng](i’j)’ where

{Z,] {Z 7,7 kn

T;hii_er exXp . _ —jk’n n]i = Tnhi (fi—j,j - fi,j) Zf('%]) € N;
(3.4)
° [Ug:}ier_imp(Tn)g]i,j — |:(I— Euler 1mp 15 7 where

uler—im . g’L ','*fi,' pe .
Tg.nl p - 7jkn7n% = (Ei,j - £i+j.,j) Zf (Zaj) € Na (35)

o [USE(r,)€liy = [+ SIS (I — 3T32)) 1€ 5, where

(i, gkn) —u ((i = ) b, Gkn
SR

=2 (u ((z - g)hn,jkn> - u(z’hn,jkn)> .

Jha/2

and

T0(2) = — JknTn

n

and finally
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re—cor 7(1 —(2 (3)44(4) N —
o [UF ™ (1n)€lij = [(L + SISV — 2142 + LT3 T8)) 1€ 5, where

T’élg —3 |:T(])31;;Ler7exp§j| + |:T§.1’1r3.er7exp } _3 [T(;?.I;ILLerfexp ] .
’ ’ iv.j ’ Zﬁj).j ’ if%wj
= {gi—Qj,j =38 s 286 T34 5 — 3&'4} ;
~(2) _ (3 11,0 2 ~(4 1
T =00 = 5 [T+ T = [y~ €ug] ond TE =T,

Then we have
U™ P (1n)€i; = [Ugn ™ ™ (mn)&i; = [Us ™ (n)€lij = U (70)€li = &iiij-

Proof. For explicit Euler’s scheme, by choosing m,, and u, such that Tn% =1 for
any n, a simple calculation gives the expression of (3.2) for k = 1.
For implicit Euler’s scheme, since

1 k
€= —Ts Mg =mij — Tnhfn (Mg — Mitsg) = Mitjj
n
and once more we obtain 7; ; = £_; j, as we have expected.
For the Crank-Nicolson scheme, since

r—Ni 1 1 1 2)\ —
S " (r)€lig = [T+ 5Ty = 5To0) €l
1
= (I+ gTr(Ll))fif%,j = gifj’j.
Finally, for the predictor-corrector scheme we remark that
2~ 13y 2 13

2 1
= gfi,j + ggifj,j EESTE R R SR
and from other hand

1~ 1
[(I + 3Té}£)§} =ity [ = 3(&is = &ijig) — (Gigg = Gim2y) +3(§_4 ;5 — gi—%,j)}
2,7

2 1 252, 1) 74
= §§ifj,j + §5i72j,j + fi—%,j - Ei—%,j = (I - gTé,rz + 6T(§,72T(§,73)4 o
i—J,]

This proves that we obtain once more (3.2) for k = 1. O

In the section 6 we illustrate numerically the evolution of the pure translation
of an initial solution with non entrance boundary condition. Remark that all the
different schemes end with an unique scheme (3.2).

4. One dimensional pure absorbing linear transport equation. In this
section we will choose the same approximating space X, of the section 3 with the
same condition TnZ—" = 1 on the grid. The exact solution of the pure absorbing

transport problem

%—;‘ =—v-Vu—o(z)u in (—a,a)x[—1,1];

(PATP) u(—a,v > 0,t) =0 and u(a,v < 0,t) =0 for all ¢ > 0;
u(r,v,0) = f(x,v) € L*((—a,a) x [-1,1]).
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is given by

e~ lo ol@=sv)ds £ (g _ ty,v), if |z—tv|<a

u(z,v,t) = [Ur(t) fl(z,v) := {0 (4.1)

elsewhere

where U (t) is a Cp-semigroup on X.
The one dimensional approximation of this solution would be

t
u(Zhrw]knv an) = exp <_/ U(Zhn - Sjkn)ds> f(lhn - ]anknvjkn)
0

if (i,j) eNandk=1;--- ,n
After replacing the integral fot o(ihy, — sjkn)ds by 0'5 J), where
l

Z — jkTnkn). (4.2)

k=1

Then we get

Utn() = ulihn, jhnst) = exp (=)} f(ihn = njtakn, jhn)-

Replacing f(ih,, — jntnkn, jkn) by &i—nj; as before we get
[Ul,n(n’rn)f]i,j = exp (—0‘5?) gifnj,jo (43)

THEOREM 4.1. We assume that o is a strictly positive continuous function
satisfying (1.8) and Uy(t) defined in (4.1), we have the convergence of Uy () to
Ui(t) in the sense of Kato. Proof. It is well known that if

o) =10 Y mp(0), Sp(o) =70y My(o)
k=1 k=1

mg(o) = inf o(x —sv) and Mg(o) = sup o(x — sv),
SE€[(k=1)7n,k7n] s€[(k—1)Tn,kTy]

were the upper and lower Darboux’ s Sum of the function [0,¢] 5 s — o(z — sv) €
C([—a a] [—1,1]), then s,(0) < 0' )< S, (o) and s, (o) and Sy, (o) converge both
to fo —sv)ds in C([—a,a] x [— 1,1]). So

Jexp (—o™) = By (o= Ji otxmeas) ), o,

where o) € X,, with [U(")Lj = OEZ-). And, due to this property,

1030 (&) Paf = PaUO) < [V (8)Paf = exp (=) Pulo(®)f
+ |lexp (=o' ™) P,Us(t) f — PuU1(t) f|n
=0

< IPUo(®)F P (€7 5 709 —exp (=70 ™))

which goes to zero as n — oco. In fact, according to Theorem 3.2 (b) can be estimated
independently of n. O
Now let us describe the different schemes for the problem (PATP).
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4.1. Euler’s explicit and implicit scheme for pure absorbing linear trans-
port equation. For explicit Euler’s scheme we define the finite difference operator
TE P = (& — &ig) —Taoi &gy i (6,5) €N (4.4)

1,n
the approximated semigroup Uf‘:l;er_exP(Tn) would be
M]ij = [UfﬁerfeXP(Tn)f]i,j = [f'i‘Tf,unlerfexP'f]m =& (g — &) — Taoi—j&ijj) -
and so,
)i = (1= Tnoij)&i—jj-

A comparison with respect to the pure absorption approximate group (4.3) leads the
following estimation:

(UL (1) =Urn (T0))€)i 5| = [1=Tnoi— j—exp (—Tnoi—j) |[€i—j 51 = O(T)|&i—j51;

which implies that there exists a constant C' depending only on o, such that

(I + T~ — Uy (10))lln < CT2E]ln-

which leads to the estimation (2.2) and consequently the order of the scheme would
be p = 1.
For implicit Euler’s scheme the finite difference operator would be

Euler —im
T P=

1n (&ij = Cirgg) — T0iivsy if(i,5) €N (4.5)

and Uf:jer_imp(m) by

) w1
i = [UFT " (ra)eli o= [(1 = TER" ™) i

So,

Euler—imp
- Tl n

i = i =i — ((Mij = Mits) — TnOiNitsj) = Mitjj + TnOillitj s

which gives,
Mij = (14 Twoij) " &imjje
and consequently
(=) e vt =10 ni) ™ = o o) ]
i,j
which implies once more

”UEuler—imP(Tn)g — Ul,n(Tn))gun < CTzHgnn

1,n

and consequently the order of the scheme would be p = 1.
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4.2. Crank-Nicolson scheme for pure absorbing linear transport equa-
tion. For this scheme we define two finite difference operators Tl(lg and Tl(Q,z € L(Xy)
as

1
[Tf,rth,j =28y~ Gig) ~ o5& g
and
2
[ ( )g] 2(§i,j - §i+%,j) - Tngil%gpr%’j
We define also the following operator
[ME);; = R(—7n04)&; where R(z)=(2+2)(2—2)""

We remark that

[(1+ Tf Vi = g+ (&g, — &) — =

and
(= ST M5 = Ml - ([Mf]i—j,j —[ME),_y ) + Fon g IMEl

2
= (1 Zo PIMEl_y ;= (- 2oy ey = [0+ 5TEDE:

This proves that
L L @y-1 1
Mlig = 1A+ 5T = 5T0) " Eliy = [M&imjy = (2 = Tn0i—j) (2 + Taoi—j) ™ &ijij-

Now, if we define UCr Y (7,) by

U ()€ = [+ ST - 2721,

2 =" 2
a comparison with the pure absorption approximate semigroup Us ,(t) leads the fol-
lowing estimation :
[0 = Utn(m0)€iil = 1(2 = T00ij) (2 + Tn0i—j) ™" — exp(—Tn0i—j)[|€ij ]
which implies

HUf,l;L_Ni(Tn)f — U n(m)€lln < CTSHf”n

where the constant C' depends only on o, and independent of 7,, and we retrieve the
estimation (2.4) and consequently the order of the scheme would be p = 2.

4.3. Predictor-corrector scheme for pure absorbing linear transport
equat1on Hcre we define four finite difference operators,

[ g]l] = 3[ Euler expf] i [ Euler eng]l g [ Euler expg]

2 Y - l P ) )
- ngUz—jgz—j,j 3Tnaz—2j§z—2j7] TnO. i—%fi—%,j +Tn z_éjfl_ém
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7(2) - 1 3 3

o T0n€liy = (&g = &ivay) T 20 i Sivig — 1m0i—j&i—jj — Tn(50i +
1 .
2380

1. _3 ) ) 1. 43 ) )

+70(300 = 50,4080 5 — ™(5oij T 50, 3)& 4
7(3) o 2 1

o [T nlig = &gy —8irq ) —3™n0&iy ;= 3T0i—&_ 4 ; — ™0y s&itsg +
Tnai,%gi,j
7(4) _

i [Tl,ng]i,j - [Tl,ng]iyj'

We define also the following operator

2 2
[Mi€]i; = Ri(—70:)€,; where Ry(z) = (1+ g)u —So+ %)*1.
By a simple calculation, we obtain
1~ 2 1 2
[(1 + §T1(,73)5]m = ggi—jaj + ggi—2j,j + fi—%yj - fi—%j,j — §Tnai—j€i—j,j
Tn Tn Tn
— 9 Oi-23%i-2i0 ~ 3 0484, T 3 0i-358-44
2 T, 1 T,
= 5(1 - ?no'i—j) §imjj + 5(1 - §01—2j)€i—2j,j
T, T,
+(1- Engi—%)gi—%,j - (1= ?nai—%j)gi—%j,j
and
2~y 1~ ~(4 1
[(1— §T1(,72 + 6T1()72T1(772)M1§]i7j,j =Aij+ §Bij
where
2 Tn
Aij = [Mi€li—jj — g([le]ifgj,j - [le]ifg,j) - gai,%[Mlﬂi,j
+ 5 0i-2Mili-2gg + S0 [Miglijg + 5 0im 5 [Migli-js
2Ty, Tn
- To'ifj [Mlg]if%’j + Tngi,%[le]i,%,j - 5@'—2;‘ [Mlg]ifgj,j
- Tno—if%j[Mlﬂif%j,j
and

~(4 ~(4 2 ~(4
Biy = (T8, — TME]_y ;) = Sraoi s TLaME]

;T 5] 3

—~(4 (4
—Tn0;_i [T M€ + Tnai—%j[Tl(,szlf]i—j,j

1—35,]

—

— 5Tn0i-2j [Tvl(ilef]

= {2 (IMagliosss — M)y — MAEimys + M,y )

2
— TnOi—2j[M1&i—2j,; + TnUifj[le]ifj,j} - ngUi—j{Q([le]ifj,j

- [leh—%,j) ~ Tn0i—j [Mlﬂifj,j} - %TnUifzj{Q ([le]ifzj,j - [le]i—%j,j)
— Tp0i—2j [le]i—%j} ~Tn0;_i {2 ([le]l—%J - [Mlg]i,j) - Tnai—%[Mlg]i—%,j}

+ Tnoi_3; {2 ([le]zegj,j - [Mlé]i—j,j) - Tno’if%j[Mlg]z?%j»j}

w
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So we get

2

1 2 2
Ai7j + -B; i.j g (1 + -ThOi—j + — 6 o j) [Mlﬂi—j,j + g(l + ngO'i_gj

6

T2 2 72
+ gn )[Mlﬂz 25,5 (1 + 37'n i + "0.2">

6 i—%
2 T o
[Mig]; 14 37035+ 501y, [Migli-355
and finally,
2~02)  1x@)5a 2 Tn 1 Tn
[(l—ng(’ ) 6T( )T ))M1§]z —jj = g(1 — Eai_j)fi_jd + g(l — 30'1'—2]')51'—2]'7]'
Tn Tn 1 (1)

+(1- ?O—z i )517%7j (1- ?O—z—fj)gz—*JJ =1+ gT )€l

2~0) | 1xe)ma 1~a
nlis = (1= T+ GTOTED) T (4 Ty = Mgy
Tn 2
= (1= Zoi)(1+ graoisy + G0t 5) iy

and we get

T 2 2 _
7 = ULn(7a)€ligl = (1 = Foig) (1 + STn0ij + Foi L) = exp(=Tnoig)|[€i-j -

So, if we define

Lr0ya - 27 4 Lregw)

pre cor 1
U () = (1+ T+ -

3

then we obtain

[UF ™ (7)€ = Usn (el < OTAIIEl

1,n
which implies that the order of the scheme is p = 3.

5. One dimensional linear transport equation with production. In this
section we consider the system (TP), when o # 0 and p(z) # 0.

Here, we do not have at our disposition an explicit expression of the semigroup
U(t) as Uy(t) or Uy(t). Hence for representing U(t) we will use the Dyson-Phillips
formula:

Vo) =Ui(0),  U(1) = 3 Valt)

n=0

where

Vit (t / Vot — s)Vi(s)Ads,

U@ wv) = e B 70 o tv,v) and (Af)(0) = 5 [ @)l vay
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Let us define an approximation of U(t) by Uy (t), where

N+1

Un(Of = (3 (Ol = Va0 + [ Ve = 5)Bs) s,
k=0 0
with

B(s) :Ul(S)A‘F/OS Ui (s — s1)Ui(s1)A%dsy + - - (5.1)

s SN
+/ / Ul(s—sl)Ul(sl—52)~-U1(sN)AN+1dsN~~-dsl.
0 0

REMARK 5.1. The operator Uy (t) is not himself a semigroup as Uy(t) or Uy (¢),
but it can act as the function V(¢) in the Chernoft’s theorem. This will be shown in
Appendix 1.

In the discrete version we denote by Wy ,(n7,) the operator which approximates
Un(t) and is given by

N+1
[WN,n(nTn)g]i,j = Z [Vk,n(nTn)g]i,j
k=0
where [Vo n(n70)Eli; = [Uin(nt,)€li; is given in (4.3) and Vi, by the induction
relation

n

[Vk+1,n(n7-n)ﬂi,j =Tn Z[VO,H(TLTTL - an)Vk,n(an)Anﬂi,j (52)
k=1

with
1=
[Angli,; = Pikn Z &l

l=—pin

which is independent of j. Since U; ,,(n7,) is a bounded operator in X, by a simple
induction argument it follows from (5.2) that

[Viesn (n7)Eln = O(7) (5-3)

THEOREM 5.2. Under the assumption 2ky; < S, we have the convergence of
W n(t) to U(t) in the sense of Kato.
Proof. We have to prove that

W ()P f — PaU(#) flln — 0, (5.4)
as n — oo.
First we prove that
W (k7o) P f = PUn(15)F f. (5.5)
The fact that P, [ Ur(tn — $)Vi—1(s)Af (z,v)ds = 78 [U1 n(70) AL )€]5 5, shows
N41 N+1
PUn(0) f = Pn[z Vi(a) f (2, 0)] = [U1,n(70) Z TﬁAﬁf]i,j
k=0 k=0
N+1

= [Ul,n(Tn) Z Tr’fAZPnf = WN,n(Tn)Pnf~
k=0
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Hence, by taking g = Un(7,,)f, we obtain
P7LUN(Tn)2f = PnUN(Tn)g = WN,n(Tn)Png = WN,n(Tn)2Pnf7

and by induction we retrieve (5.5). Once the identity (5.5) is proven, we replace
Wi n(t)Pof by P,Un(7,)" f in (5.4) and we use the isometric character of P, (see
Lemma 1.6), then we get

IWN ()P f = PaU (@) flln = [Un(t/n)" f = U@)f]-

Now, if w = s,, — kar, thanks to Theorem 7.3, U (¢) satisfies ||U(t)|| < e™**, and since
2kn < Sm, we get ky < w. So we can replace in Theorem 7.2, Sy(t) by Ui (t) and
B(s) by our operator defined in (5.1), and the Chernoff’s Theorem (Theorem 7.1)
proves that (5.4) holds. O

REMARK 5.3. Since the numerical computation of [Wn(7,)E]i,; s too complicated
we restricted ourself to the standard schemes and thank to the above Theorem we make
our comparison with Wy (7).

5.1. Euler’s explicit and implicit schemes for linear transport equation
with production. In the sequel we will use also the following operators X,, defined

by
[Enf]i,j,k = Tno'igj,k: (56)
and
1 Mn_l
[n€lij = §pikn Z &l (5.7)

l=_.un

for (i,7) € N and —pp, < k < p,,. We remark that according to convention of Remark
3.1, in (5.7) j can take any values out of rang of x. '
For these scheme we define two matrix operators T;“nler_e’cp and Ty 7™ ip

2.n
B(Xn) by

[TzEjlnler_exPﬁ]i,j = (gz‘—j,j - fz’,j) - [Enﬁ]i—j,i—j,j + [ﬂnf]i—jﬂ‘—j )
if (4,7) € N and

—1
uler —im 1 g
(L5557 ™€)y = (€5 = &) = ™0t + GPiTnkn Y i,

l:_p'n

if (i,7) € N. For explicit Euler’s scheme the approximated solution would be

P
r—ex 1 1
[Usn ™ Py =6+ Té772§]i,j =1 —=71n0i—j)6i—jj + §pi—jhn Z §ijl-
l==pn
Our aim for explicit and implicit Euler’s schemes is to get the order p = 1. So
according to (5.3) for this scheme all the terms Vj ,, k > 2 can be neglected and it is
enough to take into account V4, and Vj ,, in other words, make a comparison only

with Wy , which leads the following estimation:

Hn—1

1
+5PijTnkn Y Gigilexp (=Taoig) — 1)].
l:_,uf'n
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Consequently

IWo.n (7)€ =l < ATZIE]]n

where the constant A depends only on o, but independent of 7,.

For implicit Euler’s scheme the approximated solution would be

. —im -1
5y = (1= T307) el

or
(2) 1 =
§ij = [ =Tomnlig = ig = (i = Nitjg) = TaOiNi+jj + 5PiTukn > Miti
l=—pn
) =1
= Nitjj + Tn0illi+jj = 5PiTnkn D mir = [T+ )iy s
l==pn

where [ST}]L] = Tnoi—jni,j — %pi—j'rnkn Zrzﬂ__;n m_j_,_l,l. SO7 we get €i—j,j = [(I +
S)nli,; which gives,

)i =[(I+S)"'N¢gli;  where [N€lij =&
Therefore

[]i; = [(I = S)NEi; + O(7)[NEs 5

1
1 ,J/’ll
= &i=jj — T0i=j€i=jj — 5Pi-jTnkn >IN+ 0655
l=—pn
1 Mn_l
=1 —=7noi—j)&i—j; + §pi—j7nkn Z &imji +O(T2)6i
l==pn

Once more a comparison with respect to the our approximate solution Wy ,(t)
leads the following estimation:

uler —im 1
[Woun (7)€ — Upn 7™ j| = |(exp (—Tn0i—j) — 1 + Tnoi—j)limjij + SPi—iTnkn

fn—1
Y Gimgilexp (=Tnoiog) = 1)+ O(7)6i—,5

l=—Mn

and

HWO,n(Tn)g - 77”11 = O(Trf)
which gives the desired result.

5.2. Crank-Nicholson scheme for linear transport equation with pro-

duction. For this scheme, we define two matrix operators T2(1,2 and T2(272 in £(X,,)
as
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[T50is = 2& 45— €3) = Tn0s 36 35+ FnElis . s
and
T2 ng] 15 = 2085 = Gipi ) ~ o i g

We define also the following operator

Mg = (1= 5T+ 5T ey where [Tatlay = maoiéa — [hélas

We remark that

1 i—d
[T+ ST = € + (€ gy — €6d) — ——2€ g5+ 51l gy
1
== 5Ty
and

(- 7T2(2,3)M1§]W [Mi€limjij — (Mr€limjs — M€];_y ;)

i iTn p,_; Ho !
Mgy = ZZ (M),
=—ln
IlTM IlelelT—l-
= [( +2 )MiE];_; = ( T3 1)( 3 1)( +§ 1) f]i—%,j
[~ %Tlmi_%,j = (7 + 5 TEelss

By defining the approximate solution as

: 1
)i = (U5 "€y =11+ 3

1 1
= [(I - 5Tl)(I + §T1)71€]z'—j,j
1 1 1
= [ = 5T = 5T + 17 + O(1)Eli—y s

1 1 @)
Ty = ST5) ™ €y = [Milieyy

= (T~ Ti + 5T + Ol

we get

2 2
Mi; = &i—jj — OimjTubi—jj + = nfz g [ Dnllivjiog — OijTnlFnklivjij
Pi—jTn :
+ [ ,w(rs)[sh_j,j
2 1—j,0—]
o2 72 Hn L
:(1—0'1‘,an 12J )fz gt pz ]Tnk Z §i jl Ui*jT”)
l=—pn
p Hn—1
i J "k > G+ 0 iz

l*—Nn
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In this scheme any Vj ,, when k > 3 cannot affect on the order of rational approx-
imation, so we shall make the comparison only with Wi ,,(t) which leads following
estimation :

o2

W1 ()€ = Uso €] 5| = [(exp(Taoig) — 1+ Toij + s )fz Y

Hn—1

1
+ §pi—j7’nknl Z i—ji(exp(=Tpoij) = 1+ 7o)
=—Hn
2 pn—1
+ 14] nk lz §i—ji(2exp(—Tn0i—;) — )|_O(7'2))§i—j7j'
=—hn

and
W10 (7)€ = U5 M€l = O(7),
consequently the order of the scheme would be p = 2.

5.3. Predictor-corrector scheme for linear transport equation with pro-
duction. . Here we define four matrix operators

. [fz()lyzf]z,j — 3[T(‘)E7un1erfexp€]i’j_i_[TEulerfexpﬂi jj_g[TglzLerfexpg]i_%,j_% [Eng]ifj,ifj,j
_% [Eng]i_2j7i—2j,j_[Eng]i,i i,l J [ ng]sz iff J %[dng]ifj,ifj'i_%['Q{ng]zFZj,ifQj
WSL gimd [ nllisy s

o [T2eliy = [T +3 [0 nfh+%¢+j,—%[ IRPPES 1)) nfhij 1(Znli s
+T[ n5]11+1,j_7[ ng]H-J’ Z+J' ‘+l[ ng]l ”_7] *[ ng] 1 7j *['Q{ f]u
+ 5[, W Elimgimg + 5[ Fn€l ;s 14 -1, 5]”+J SlElisig
fﬁdﬂ 310tliy g1
i [ 2,n§]m = [To(izf]i,j -3 [Enf]i,i+%,j - %[an]i—j,i—%,j - [Enﬂi+%,z‘+j,j +
[ nf]z_; g
[@% 5]1 it +3 [% ﬂz ji—1 + [, f]w" iti [y, f] i

[ 2,n§]1,] = 2(§i_%7j - gi,j) [ ’ﬂg]l—’ 1—— Jd ["Q{ g]i——,i 1-

And we define also the following operator ’

1 2 1
(M€l = [(I = 3T) + 5T + T1) '€y where [T1€lij = [Sn€l,, ; — [Fni
By a calculation one can prove that T
1~ 2 1 1 1 1
(I + gTz(lqg)ﬂm = 3(1 - ng)fi—j,j + g([ - ng)fi—zj,j + (- ng)Ei,%,j
1
- - ng)fi—gj,j (58)
and
1 2 1 1 1
(7= T3 + STOEDMaeli g5 = 5[0 - 5T Gg + 510~ 5T
1 1
+ (I - ng)f]i_%,j —[(I - ng)f}i—%j,j'

(5.9)

T This is a long calculation which can be find in an extended version of this paper located in
the second author’s webpage http://www-math.univ-poitiers.fr/~emamirad/
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Therefore, we have

1~
*Tz(l))ﬂi,j =[(I - T(z) + Tz(B)T(4 ) ME];

1
[(+3 " 3 6

i—J,J
and consequently, by defining
_ [ppre—corg . 2@ L@@y -1 ) _
Mli; = Uz, — &lij= [(1- 3hm + ghanTen)” (L4 §T2,n)§]i,j = [Ma€]i—j;

— (I - %Tl)(l 2T LT e,

3 6
1 1
=[I-T1+ §T12 ~ % P+ O(m)Eiig
LTe T Th o iTh
(= 0ijTn+ —5— = ——)i—js + (1 0T T
1 1
5051 = 0i T + 3057 ol + Oy

In this scheme any Vj ,, when £ > 4 cannot affect on the order of rational
approximation, so we shall take W5 ,, () as the approximate solution and a comparison
with respect to this approximate solution leads to following estimation :

o2 12 ob 7
[Wan ()€ = nligl = [(exp(=Tnoi—j) = 1+ Toimj — —5— + ——)&i-js
Mn_l 0_2 .7‘2
+2pz ]Tnk Z 51 jl(exp( TnOi— ])_1+Tnaz Y 12] )
l=—pin
pn—1
+4p2 j 2k, Z Eimji(2exp(—Tnoi—j) — 1 + T0i—;)
l=—pin
fn—1
+12pz 7 nk Z g’b jl 6eXp( TnOi— J) )_9(7—3))574*%]'
l=—pn

and
”[WZH(Tn)f - U;ﬁficorgnn = 0(7—3)7

consequently the order of the scheme would be p = 3.

6. The numerical illustrations . This section is devoted to give the numerical
illustrations for Euler explicit and implicit, Crank-Nicolson and Predictor-Corrector
methods. So, we use the Fortran 77 compiler to give the numerical approximation in
different cases of our transport equation. The numerical simulations which realized
for a positive function and with non entrance boundary condition give an idea on the
distribution of particles in the phases space and verify also our theoretical results in
this work.

In the sequel, we will give some numerical examples for our different schemes. In
those examples, we look to the evolution of the transport equation in five times. For
a = 1,m, = 200 and p, = 100n or, in order to get 7,k,/h, = 1 we have to take
T, = 0.5 which fix the choice of n. The five times which will be illustrated there are:
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t =k, for k =1,3 and k = 400. Also, for those examples we will take the following
initial data

F,v) = exp (1 jv) (6.1)

which is independent of the velocity v.

6.1. The numerical approach in the case of collision-free transport. To
have an idea on the evolution of particles in the case of collision-free transport problem
we have compiled the approximation of the exact solution given by (3.2), since as we
have proved in Theorem 3.3 all the different schemes ends to this discrete form of
the exact solution. In the following figures we illustrate numerically the evolution of
the pure translation of an initial solution with non entrance boundary condition. We
remark that the large time, which corresponds here to k£ = 400, it remains always a
residual that corresponds to f(z,0) of the initial data, since we have not excluded
zero from the velocity interval [—1, 1].

*Sol-initial.dat" *Solution.dat'

Initial solution Solution for k=1

*Solution.dat’ *Solution.dat’

Solution for k=3 Solution for k =400

6.2. Error estimates. In the case of transport with pure absorption, we find
the same feature of numerical illustration. Since in this case we have an explicit
representation of the solution given in (4.1) it is more interesting to give the error
made by the schemes of Euler, Crank-Nicolson and Predictor-Corrector.

In fact, if €, = ||U,n(k70)Pnf — PyUr(kTy) fln, then for the function f given in
(6.1) and k =1 we have
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Euler’s implicit

Euler’s explicit

Crank-Nicolson

Predictor-Corrector

€, < 4.5x 1074

€, < 4.5 x 1074

€n <4 x1076

€n < 3 x 1078

In the case of transport problem with production term, we do not have an explicit
solution at our disposal, so we compute e,, = ||Wn (k7)€ — ||, then for N =k =1
and we get the following table for correspondent 7.

Predictor-Corrector
€n < 3x 1077

Crank-Nicolson
en < 7 x 1076

Euler’s implicit
en <45 x107%

Euler’s explicit
en <45 x 1074

7. Appendix. The well-known Chernoff’s Theorem asserts that

THEOREM 7.1. If X is a Banach space and {V (t) }1>¢ is a family of contractions
on X with V(0) = I. Suppose that the derivative V'(0)f exists for all f in a set D
and the closure A of V'(0) |p generates a Co—semigroup S(t) of contractions. Then,
for each f € X,

lim [[V(=)"f = S(t)f] =0,

t
n—oo n

(7.1)

uniformly for t in compact subsets of R .
In this section we will use the Chernoff’s theorem to prove the following result.
THEOREM 7.2. Let A be the generator of a Cy-semigroup So(t) such that ||So(t)]| <
e " (w>0), and B(t) be a family of bounded operators such that |B(t)| < w for all
t >0, and A+ B(0) defined in the D(A) generates a Cy-semigroup S(t) of contrac-
tions. Then, the conclusion of (7.1) holds for V (t) := So(t) + fot So(t — s)B(s)ds.
Proof. We remark that V(0) = I, V'(0)f = (A+ B(0))f for all f € D(A) and
finally V(¢) is of contraction. In fact,

V@I < [So@I + H/O So(t — s)B(s)ds||

t
<e Wy b/ e (=9 s = (1 - b) e v 4 b <1
0 w w

where b = sup,~ || B(t)||. Since all the assumptions of Theorem 7.1 are fulfilled, the
conclusion infers from this Theorem. O

In [5], we have proved a similar version of this theorem where V(t) := Sy(t) +
fg So(s)B(0)ds and we have proved also the following theorem:

THEOREM 7.3.  In the Banach space X = L'((—a,a) x [—1,1]) let us define the
operators To f := —vdf/0x, T f :=Tof —o(x)f, Tf =Tof+Af andTf =T\ f+Af
(A being defined in Remark 1.5). Any of these operators defined on D(Tp) := {f €
X : v0f/0x € X, f(—a,v >0) =0 and f(a,v < 0) =0} generates a Cy-semigroup
which is given respectively by:

(0) Uy(t) which are contractions;
(1) Ur(t) with [|U(t)]] < e ®m;
(2) V() with V()] < et
(3) U(t) with [|U(t)]| < elkm—sm)t,
This Theorem is already used in the proof of Theorem 5.2.
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