The International Journal on Finite Volumes
LJFV, 7, pp 101-132, (2010)

An algorithm to control the pressure evolution for the
FVCF-NIP method for compressible multi-material
fluid flows.

Jean-Philippe Braeunig!
YINRIA Nancy-Grand Est Equipe CALVI, Laboratoire de Recherche Commun MESO CEA
DAM-ENS Cachan and CEA/DIF Bruyéres-le-Chdtel.

Address: IRMA, UMR 7501 7 rue René-Descartes 67084 Strasbourg Cedex
Phone: +33 3 68 85 0206 Email: braeunig@math.u-strasbg.fr

Abstract

The purpose of this paper is to describe a new algorithm for the pure eule-
rian interface capturing method FVCFE-NIP. In this method, the interface
is sharp and piecewise linear. In a cell containing two materials, termed as
mixed cell, each one is pure at both sides of the interface and no diffusion
is allowed through it. A conservative scheme is written on each material
volume using the condensate formalism which allows in particular sliding
of materials on each others. However, material volumes in mixed cells
can be tiny and therefore the condition on the time step can be too much
restrictive. The conservative scheme is then written with a time step only
calculated considering pure cells. In mixed cells, a control procedure is
built to ensure a stable evolution in small materials volumes. This new
algorithm enhances the robustness of the method and allows to simulate
a wider range of flow regimes.
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1 Introduction

The numerical simulation of fluid material interfaces encompasses a wide range of
numerical methods, depending on the various physical situations, in particular the
relevant space and time scales involved. In the case where the diffusion scale between
materials can be neglected with respect to macroscopic hydrodynamic structures,
then interface evolution may be represented with a sharp interface as introduced for
instance by Noh-Woodward [9] or Youngs [13] for compresible flows. The physical
assumptions of this work are the following: the multi-material fluid flow is assumed
to be compressible, laminar, subject to large and transient deformations. The fluid
model addressed here is the compressible Euler equations, in a flow regime such
that molecular viscosity within materials is neglected: materials are considered as
immiscible and separated by sharp interfaces, with perfect sliding of materials on
each others. Each material is characterized by its own equation of state.
Multi-material fluid flows computation may be treated with many different nu-
merical strategies. Lagrangian methods are very natural to capture interface mo-
tion and contact between materials. The Lagrangian evolution of nodes at materials
boundaries naturally defines the interface motion. However, Lagrangian schemes are
limited in our context of flows with large deformations by large mesh distortions, for
instance in the case of vortical flows. Eulerian methods can be designed with high
space discretization orders and can deal with flows with large deformations. The
finite volume methods can be very accurate for hydrodynamic shock waves, because
of the similarity between numerical treatment and Mechanics. The extension of Eu-
lerian schemes to multi-material fluid flows can be obtained by various techniques.
One is to introduce the mass fraction ¢, of material « and to let it evolve according
to material velocity. The drawback here is the interface numerical diffusion, which
prevents sharp interface capturing. However, very accurate methods exist that limit
this diffusion, see for instance Després and Lagoutiére [4]. In another family of
methods, called Level Set Methods [11], a signed distance function ¢ is defined in-
stead of mass fractions, advected by the material velocity. The materials position
is determined according to the sign of this distance function. Mixed cells are de-
fined by the set where the function ¢ vanishes. This method gives smooth curves
of a sharp interface between materials, dealing with complex or singular geometry.
Nevertheless the interface is sharp, the quantities are averaged in the mixed cells to
write the scheme fluxes. For both methods using mass fractions or level set func-
tions, a consequence of quantities diffusion through interfaces is that a mixing model
is necessary to define an EOS for the materials mixture, which might be difficult
in the context of real materials EOS. The quantities sharpness and conservation at
interfaces may be obtained using a subgrid interface reconstruction. In mixed cells,
the interface is approximated by straight lines by most authors. A famous method
using sharp interface reconstruction is the Lagrange-Remap Finite Volume scheme,
developed by Noh-Woodward [9] and improved by D.L. Youngs [13] or methods in
the same spirit for incompressible flows by Zaleski et al [8], all belonging to the
family of so called Volume of Fluid (VOF) methods.
A novel finite volume method for compressible multi-material fluid flows called
FVCF-NIP has been designed by Braeunig, Desjardins, Ghidaglia [1] [2]. The
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method uses a single-material finite volume scheme FVCF (Finite Volume with
Characteristic Fluxes, Ghidaglia et al [5]) in single-material regions of the domain.
The interface capturing method in d > 1 dimensions of space called NIP (Natu-
ral Interface Positioning) is obtained through a directional splitting on orthogonal
structured meshes. Each 1D step uses the so called ”condensate” formalism that
has been introduced to compute interfaces evolution.

The compressible Euler equations in d dimensions of space writes in a conserva-
tive form as follows:

Op + div (pu) =0,
Bu(pu) + div (pu ® u) + Vp =0, )
O (pE) + div ((pE + p)u) = 0,

with space coordinates € R? and t the time, where p denotes the density, the
velocity field vector u(x,t) € R? | e the specific internal energy, p the pressure,
and E = e + |u|?/2 the specific total energy. An equation of state of the form
EOS(p,e,p) = 0 is provided in order to close the system.

The system of conservation laws (1) can be written in a generic conservative form:
let V = (p, pu, pE)! be the unknown vector of conservative variables and let the flux
F be a matrix valued function defined as:

F - Rd+2 SN RdJrZ X Rd
1% — F(V).

For all normal unit vector n € R% F(V)-n is given in terms of V by:
F(V)-n=(p(u-n), pu(u-n)+pn, (pE + p)(u-n)). (2)
The compressible Euler equations (1) can then be rewritten as follows:
oV +div (F(V)) = 0. (3)

For instance, by introducing (e;);=1,.. 4 the canonical orthonormal basis, this system
reads:

d
OV +> 0, F(V)=0,  where F/(V)=F(V)-e,.

i=1
The FVCF-NIP method computes the evolution of sharp interfaces between ma-
terials, approximated by a piecewise-linear curve on the mesh, in such a way no
diffusion of materials mass fraction happens. Let us define pure and mixed cells as
follows: a cell C' of volume Volc may contain n,, materials. If n,, = 1 then C is
called a pure cell. If n,, > 1 then C'is called a mixed cell and materials are separated
with sharp interfaces. The interface is thus a piece of line in mixed cells separating
two materials and each of them is pure at both sides of it. Each material k£ among
these materials in cell C is filling a so called partial volume Voléy included in Volgo

in such a way:

Z Volé =Volc.
k=1
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A centered variable vector Vi = (pg, pruk, prEx)t and an equation of state EOS(py,
ek, pr) = 0 is associated with each material & of partial volume Vol("; in cell C.
The main idea of the NIP method is to let interfaces evolve through a directional
splitting scheme, without modifying the FVCF scheme in the bulk of materials,
see Ghidaglia et al [5]. This scheme is thus restricted to structured orthogonal
meshes. The NIP interface capturing method uses 2D/3D informations in partial
volumes for each step of the directional splitting, in such a way a sliding boundary
condition between materials is settled at the interface. This method preserves local
conservation of mass, momentum and total energy by writing a conservative scheme
of these variables even on partial volumes in mixed cells.
Let us consider the system (3) in 1D, which reads:

O + 0, f(v) = 0

with v = (p, pu, pE)? the variables vector and f(v) = (pu, pu® + p, puE + pu)’ the
flux vector of variables v. An explicit first order in time conservative scheme for
these equations is defined as follows:

ot o SR —

At + Ax;

=0, (4)

where At = "1 — " is the time step, Ax; the space step of cell 4, v} variable v
value in cell 7 a time t", f, ., the flux of variable v from cell ¢ to cell ¢ + 1 at time

i+
t".
The explicit FVCF finite volume scheme is submitted to a CFL like condition to be
stable of the form: A
At < min <xl) . (5)
iemesh \ |[ui| + ¢

with ¢; the speed of sound in cell 4.

The FVCF-NIP method consists in writing, for each step of the directional splitting,
explicit 1D conservation laws of the kind of equations (4) even on partial volumes
in mixed cells. This is made possible by the introduction of a data structure we
called ”condensate” in previous papers [1] [2]. Condensates include small volume
layers corresponding to the small partial volumes, that can be as small as the volume
fraction of a material can be in a mixed cell. Those should be taken into account in
the time step constraint (5) for the scheme to be stable. However, this would dras-
tically reduce the time step compare to a single-phase time step and it is actually
not acceptable for a numerical method.

The choice we made to cure this problem is to compute the time step only con-
sidering pure cells and excluding mixed cells. This lead inevitably to an unstable
scheme in small partial volumes in mixed cells where the time step condition is not
fulfilled. This paper is about an enhanced and more properly justified pressure con-
trol algorithm, compare to the former one proposed in Braeunig PhD thesis [1], to
recover a stability of the scheme in these partial volumes. This new algorithm has
made possible a lot of computations that were hardly performed because of a lack
of robustness of the old one.
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Section 2 of this paper is a short description of the FVCF-NIP method to intro-
duce the concept of ”condensate” and the numerical scheme written to compute its
evolution in time. In section 3, we calculate constraints on the numerical scheme to
control the pressure evolution in condensates. In section 4, we describe a correction
algorithm of the condensate variables in such a way eulerian quantities are con-
served and pressure control constraints are satisfied. The paper ends with examples
of computations that are made feasible with this pressure control algorithm.

2 Description of the FVCF-NIP Method

2.1 Single material FVCF finite volume scheme

The so called FVCF scheme, that stands for ”Finite Volume with Characteristic
Fluxes”, due to Ghidaglia et al [5] in 2001, is a finite volume scheme with cell
centered variables V. Even the velocity vector is cell centred as the Roe scheme [10]
for instance, instead of other schemes defining it on nodes [13] or on edges [3]. In
a single material cell, each variable of vector V is constant in space and represents
the cell average value of the solution.

We consider the system of partial differential equations:

AV + div (F(V)) = 0.

The system is integrated over a volume €2, set with an outgoing normal unit vector
n on its boundary surface I'.

/Q(atV—i—div(F(V)))dT— Adt/QVdT—l—/FF-nds.

The volume 2 is set, then the finite volume scheme can be written on a cell §;
bounded by F; planar edges in this way:

VnJrl —_yn Fi 1
| Q| ——=-= + |Aflgpp =0, with V"= / Vidr
At = ’QZ‘ Q;

denoting the averaged value of the solution at time ¢" in €);, At the time step, Ay

the edge f area and
1

4yl Jr,

the flux through edge f in the direction of its outward normal vector ny.

The robustness and accuracy of a finite volume scheme depends on the flux ap-
proximation ¢5(V, V;) through the common edge I'f, between left and right neigh-
boring cells Cp and C,. of variable vectors V; and V,.. This scheme has a conser-
vative form and the variables V' evolution is conservative if and only if we have:

or(Ve, Vo) = =95 (Vi V).

o F-ngds

The FVCF flux ¢y is expressed in function of cell centred physical fluxes F',
instead of cell centred variables V' in Roe [10] or Van Leer [12] schemes. The one
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and only hypothesis to use this scheme is that the system is hyperbolic, i.e. the
jacobian matrix J(V,n) can be diagonalized with real eigenvalues, where J(V,n) is
defined as a function of the direction n € S%:

I(F(V)-n)

—_ 6
57 (6)

Let us define averaged values Vr on face I' between neighbouring cells Cp and C.

of variables vectors V; and V,. and of volumes Vol, and Vol.. One may take a 1D
linear interpolation which leads to:

Ve Vol Vo + Vol,V,
U™ " Vol £ Vol,

J(Vin) =

The jacobian matrix can be diagonalized in R? with variable vector V according to
the hyperbolicity hypothesis, thus eigenvalues A (Vr,n), left and right eigenvectors
0 (Vr,n) and 7 (Vp,n) can be calculated:

tJ(Vp,n) -Ek(Vp,n) = )\k(Vp,n) Zk(Vp,n),
J(Vryn) -re(Ve,n) = Ae(Ve,n) me(Ve, n), (7)
diag(A(Vr,n)) = L(Vp,n) J(Vr,n) R(Vr,n).

Therefore the FVCF flux through face I' of normal unit vector ng, from cell Cy to
C, is written in the following form as a function of cell centred fluxes :

(L ng,) = <W — sz’gn(J(Vp,nM))w> “ngr,  (8)

where the sign matrix is given by
sign(J(Vr,ng,)) = R(Vp,n) diag(sign(A(Vr,n))) L(Vr,n).

The time step At is given by the scheme stability CFL like condition (Courant-
Friedrichs-Levy):

VOll'
At < mj
= A max Ol ©)
with A; = max (|I';|) the largest face area of cell i. It defines a local space step

rjevol;

A.Z‘Z' = VOZZ' /Az

2.2 Directional splitting

The interface capturing method NIP uses a directional splitting on cartesian struc-
tured mesh. The method is thus detailed for only one generic direction denoted
by z. In d dimensions of space, the algorithm described in direction z has to be
replicated d times, one for each direction. However, this directional splitting does
not modify at all the underlying single fluid scheme FVCF for pure cells. In 2D:

- variables and interface positions at t"* are calculated from those at t" by the
x direction step,
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- variables and interfaces positions at t"*! are calculated from those at t"* by
the y direction step.

Vn:p —_yn
Voli’itz + Az (] + ¢7) =0,
Vol————— + A, (g7 + ¢7) = 0,

At
with time step At, the cell volume Vol;, the cell faces areas A, and A, respectively
normal to z and y directions, up, down, right and left direction fluxes ¢}, ¢7, ¢y,
¢y calculated with respect of the outgoing normal direction ng;, of cell face I'g;,. in
direction dir = u, d, r, ¢ using variables at time t", i.e.

1
dir = A/ (£ (V") - nair)dS.
dir

Of course, results obtained for V"*! by using two steps (10) and by adding fluxes
in all directions in one step are strictly identical, when fluxes are calculated using
variables at time ¢".

2.3 Definition of a condensate

The multi-material treatment in 2D/3D with interface reconstruction on a fixed
mesh requires to take into account three main constraints:

- to write conservation laws in a robust way without any restriction on the time
step from mixed cells,

- to allow interface motion from one cell to another,
- to allow two or more neighboring mixed cells.

The numerical strategy developed here consists in condensating neighboring
mixed cells in one direction of the cartesian mesh, see Figure 1. The algorithm
considers that interfaces between materials are 1D, namely the interfaces are con-
sidered vertical in z direction step. They move independently from the fixed mesh,
see Figure 2. A condensate then contains layers of materials that are separated by
vertical interfaces and the thickness of these layers is calculated by volume conser-
vation.

Definition: A condensate is a 1D data structure constituted of nc layers of different
materials, separated by nc-1 Lagrangian interfaces. The boundaries of the conden-
sate are Eulerian edges, where a flux go through, see figure 2 third line. Each layer
is associated with layer centered variables and each interface is associated with a
2D /3D normal unit vector.

The ordering of material layers is known by the 2D /3D description at the previ-
ous time step. It is determined by volume fractions in neighboring cells, see detailed
description in Braeunig et al [1] [2]. Their evolution is calculated in a Lagrangian
point of view and the scheme is written as described in Section 2.5.1. Obviously,
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Figure 1: Extraction of neighboring mixed cells from the grid to become a condensate
during z direction step.
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Figure 2: Treatment of neighboring mixed cells by using a condensate.
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layers can be as thin as partial volumes are small. Once quantities and interface
positions inside the condensate are known at time t"*1, they are remapped on the
original fixed mesh, see Figure 2. It consists in a mesh intersection between the
condensate in its new state at time t"*!, which layers can be seen as a lagrangian
mesh, and the fixed mesh of the computation. This remap will lead to new volume
fractions in mixed cells, or even will change the nature of some cells from pure to
mixed (or the contrary) if the position of an interface has moved from one cell to
another during the condensate evolution. It is the combination of the lagrangian
motion of interfaces in the condensate with the remap step that permits the free
evolution of the numerical interface through the fixed mesh.

2.4 Construction of a condensate

The mesh is scanned line by line in x direction step and a condensate is created if a
mixed cell is detected. The number of successive mixed cells is then determined, and
they are associated with the previous and next pure cells of these mixed cells. The
evolution of this set of cells is calculated independently of the mesh as a condensate.
The condensate is constructed with the following procedure:

- each volume in these mixed and pure cells becomes a layer of the condensate,
separated by a vertical interface, in z direction step, which the abscissa is
determined by volume conservation. Materials ordering in each direction is
known in each mixed cell. If two successive layers are filled of the same ma-
terial, then these two are merged in one layer and variables are averaged in a
conservative way. Thus the condensate is constituted of nc layers of different
successive materials,

- variables such as volume, density, velocity, internal energy, pressure are volume
centred and known for each partial volume in mixed cells, thus they are known
for each layer of the condensate,

- border interfaces abscissas are known for each layer by construction,

- the interface normal vector is calculated in 2D/3D and is associated with each
1D interface of the condensate. If an interface of the condensate is created
from a cell edge and not from an interface in a mixed cell, then the associated
2D /3D normal vector is naturally taken as the cell edge normal vector,

- the condensate description is completed by two outgoing fluxes, at left and
right boundaries. These fluxes are single fluid FVCF fluxes calculated before
the condensate generation. At this stage, information related to the initial
fixed mesh are no longer necessary to update condensate variables values at
next time step.

2.5 Numerical scheme in the condensate

In this section, the way we compute the evolution of Eulerian variables in a conden-
sate is described. The scheme is taking into account interface motion and Eulerian
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fluxes at the condensate boundaries. Moreover, fluxes through Lagrangian interfaces
are written in such a way the perfect sliding condition between materials is settled.
2.5.1 Evolution in a condensate

The evolution of condensate variables is 1D, but using 2D/3D information. Three
types of layers exist in the condensate:

- the first layer (k = 1) has an interface on the left side that does not move and
where a single fluid outgoing flux is imposed. The interface on the right side
is moving,

- internal layers (1 < k < nc) have moving interfaces on left and right sides,

- the last layer (k = nc) has an interface on the right side that does not move
and where a single fluid outgoing flux is imposed. The interface on the left
side is moving.

¢ 12 ¢2.3 ¢3.4 ¢nc—2. nc-1 ¢no—f nc
. @ g
e

- 1 2 3 4 nc-2 nc-1 nc

Figure 3: Numbering of layers and fluxes in a condensate.

Let us describe the computation of condensate variables at time "™ from those
at time t" in x direction. Superscript n+ 1 denotes generically the result at the end
of each directional step:

- first layer k = 1:

Vol vt — Volpvy

Al + A(¢111/2 + ¢¢) =0, (11)
- internal layers 1 < k < nec:
VOZZHanZt_ Vol Vi A (Spsrp — bo1j2) = O, (12)
- last layer k = nc:
Volnrtyntl _ yoln v LA (- ¢nc_1/2) 0, (13)

At

where At is the time step, A is the transversal section area of the condensate in x
direction which is constant since the mesh is orthogonal, Vol}; denotes the volume,
Vi = (p}, p ult, pit E7)' the variable vector in layer k at time ¢". Fluxes ¢, and ¢,
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are the prescribed outgoing finite volume FVCF fluxes at the condensate boundaries,
whose components stand generically in 2D for ¢(1...4) = (p(u-n, pu(u-n)+pn, (pE+
p)(u - n))t with the condensate outgoing normal unit vector n € R2.

The flux through a Lagrangian interface from layer k to layer k + 1 is

t
Dri1/2 = (0, Pri1/2 €xs Phi1/2 Uki1/20) o

with py41/o the interface pressure and w19, the 1D x direction interface velocity,
e; € R? the x axis unit vector, all in « direction step. This form of flux is obtained
for the condensate Lagrangian interfaces, see [1] [2] for details. In next sections,
detailed calculations are provided for each Eulerian variable according to relations
(11), (12) and (13).

Computation of layer masses Masses m"T! at time "' are known indepen-
dently of layers volumes. They only depend on mass fluxes at left and right bound-
aries of the condensate:

mZH =my, (14)

with ¢(1) the outgoing FVCF mass flux at condensate boundaries, which corresponds
to an approximation of ¢(1) ~ p(u - n).

Computation of layer volumes Layer volume evolution in the condensate is
given by interface velocities:

VOZ?T = Volf + At A (u1112.4),
Voli ™ = Vol + At A (upi1/20 — Uk—1/24), (15)
VOle;l = VOZZC + At A (—unc_l/zx).

Computation of layer velocities and total energies Let us introduce some
notations associated with each layer k:

my Vol
O = —FE d =__k, 16
k mzﬂ and K = ) (16)

Extracting equations for the velocity uj in x direction, for the velocity vy in y
direction and for the total energy Ej in equations (11), (12) and (13), we obtain:

( u?“ Y <u711 _ Pi1/2a t ¢£(2)>
pPrk1
Pe+1/2,2 — Pk—1/2,
+1
I R (a7)
1 _ g no_ ¢r(2) ~ Pnc-1/2,2

Upe ne | Une n

\ Pncknc
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v?"rl — 61 <’U? o ¢£(3)>

PY kL
gt = o o (18)
"o 60 (3
UZC - 9”6 <’U;LLC_ Pﬁﬁnc)
U + ¢¢(4
E o~ g (E?_pul/z 1+711/2,x be( ))
P1R1
D U — PDp_1/9Uk_
EI?H - B k+1/2 k+1/2,xn Pr—1/2Uk—1/2,2 (19)
PrKk
Eﬁ,jl — 0, (EZC . ¢T(4) pnc—1/2unc—1/2,m> '
chﬁnc

2.5.2 Computation of interface pressure and velocity

Interface pressure and velocity in 2D/3D The scheme to compute interfaces
pressure and velocity in condensates is equivalent to settle how to compute the flux
in finite volumes methods. It is therefore not a unique choice, but we decided in
Braeunig et al [1] [2] to impose a sliding boundary condition at the interface. It
came the following formula:

Qit1p; + Qi Ui — Uiy
Dit+1/2 = + i ————— "Njp1/2 | Nit1/24
%i + oy " oy + Qg (20)
. . 7 7
u Qi T iUy n Pi ~Piv1
i+1/2,0 = i+1/2,@
/ QG+ Qg1 i+ Qg1 /

with coefficients o; = pi'c}', the density p' and the speed of sound ¢} in layer ¢

at time t". Subscript ¢ and ¢ + 1 denotes respectively left and right layers of the
considered condensate interface i+ 1/2, u; is the velocity vector in layer ¢ and u; 4 is
its component in x direction, n; /o is the normal unit vector at the interface i +1/2
and n;y1/2, is its component in z direction.

It is shown in [1] [2] that in 1D computations, formula (20) have good properties
of stability and lead to an entropic behaviour in condensates. They are similar in
1D to the Godunov acoustic solver [7]. In 2D /3D computations, this formula allows
sliding of materials on each others at the interface, but it is shown in the same
references that when the CFL condition is not satisfied or when interfaces have an
arbitrary position, the stability of the computation is not granted. Therefore, we
will exhibit in section 3 stability conditions.

3 Control of pressure evolution

Pressure is a quantity which has to be particularly controled. Experimentally, we
observe that when pressure has monotonic variations, other quantities such as den-
sity, velocity or internal energy are also monotonic. When using an equation of state
of the form p = P(p,e), with density p and specific internal energy e, no evolution
equation for p is available. Pressure evolution in time is then controled through the
evolution of p and e by using the function p = P(p, e) differential. Let us introduce
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1
the Griineisen coefficient I' = — (8p> and the sound speed ¢* = <8p) .
P s

p \de dp
The differential of p as a function of p and e then reads:
d '\ d 2 d
P:<P€>e+<ﬂc_ )ﬂ, (21)
p p € p P

3.1 Discrete control of pressure evolution

At the discrete level, the only quantities that can be modified without loosing con-
servation of FEulerian quantities are interfaces fluxes, which only depend on pressure
Pi+1/2 and velocity u;q/9. The purpose of this section is to find constraints on these
variables that ensure a "reasonable” variation of pressure p; in layer ¢ during one
time step. It is defined as follows:
pi = pf
b;
with ¢ = 0.1 for instance. This approach is very usual in compressible hydrody-
namics computation, in particular to limit density’s evolution in such a way that
pressure evolution is controled. In other words, it may be interpreted as a control
of the compression rate from one time step to the next one.
For computational efficiency, the discrete control of pressure p; in layer ¢ between
t" and t"*! will be achieved using a time explicit approximation of expression (21),
omitting subscript i:

pn+1 o pn B pnenFn en-l—l —en N pn(cn)2 _ pn-i-l - pn (23)
pn ~ pn en pn pn+1 :

<2 (22)

We have exhibited the dependency of each term of this equation to interfaces
pressure and velocity by using the scheme definitions (14), (15), (16), (17), (18),
(19). We have managed with those expressions to exhibit constraints on interface
pressures and velocities such that:

B pnenrn en—l—l —en N pn(cn)Q _ pn+1 _ pn
~ pn en pn anrl

< 2. (24)

These constraints involves averages and differences of interface pressures and
velocities, see the Annex section for calculation details:

A .
Wl o
o ()
b;
, n
A(p)i < |2e (25)
PRy Py
2pite
o an] < i
"U’Z ul ‘ — p?r?
L D — p}| < epf
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with @ = (wip172 + wi—1/2)/2, A(w)i = Uip12 — w12, B = Pig1/2 + Pic1/2)/2,
A(p)i = piy1/2 — Pi—1/2 and k; = Vol /AtA with the layer i volume Vol at time
t™, the time step At, the cells transversal section area A.

REMARK 1 First two relations on A(u); and A(p); prevent the scheme to impose
strong gradients on a small layer. Last two relations impose that the average of
interfaces values u; = ((u);11/2) + (u);—1/2)/2, respectively p;, is close enough from
layer value uf', respectively p!'. The values of velocities and pressures defined on

interfaces i + 1/2 should not vary too much from those on layers i. It behaves like
a monotonicity constraint on velocities and pressure profiles.

3.2 Control of density evolution

For any layer of the condensate, including first and last layers, density evolution can
be expressed as follows using (14) and (15):

n+1 n n+1 n
Pt — Vol — Vol A(u);
? ¢ = L ¢ = 61 —_— ]_ gl 26
o T 6= (26)
with
plrz+1 — m;l+1/‘fol?+1
A(u)i
n+1 __ n ¢
Vol ™" = Vol {1+ —— > (27)

0; = my /m} ™
mith = mP — AtAg(1)

with mj' the mass of layer i at time ¢", A(u); = u;j11/2 — u;j—1/2 the neighbouring
interfaces velocity difference in layer 4, k; = Vol /AtA, ¢(1) the mass flux through
the cell face of area A when dealing with first or last layer.

For internal layers, thus except first and last one, ¢(1) = 0 then 6; = 1 and the
control relation on density is directly given using (25):

PP =] | Aw) e
A A R TG (28)
’ < — +F?€>
D;

For first or last layer, one needs to take into account the mass flux at the condensate
boundary cell face. We choose to control the density in such a way the maximum
density evolution is controlled consistently with internal layers, i.e. (28). Moreover,
this choice is obviously preserving constant states when p ™! = pi'. Thus we have:

Ky

n—+1
pi — P}
n+1
P

3

5 <p"(c")2 N T?e) ' (29)

Y2

p;

=6 —1+0;

Therefore for all layers, using relation (26), one can enforce the density evolution
constraint equivalently with a volume evolution constraint using (27), which will be
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used in the control algorithm in section 4:

n+1
pi — P}
n+1
Pi

0:; Vol ™t — Vol
Vol?

9

(W 4 F?€> | (30)

<

W

p;

3.3 Control of velocity evolution

For any layer of the condensate, including first and last layer, velocity evolution can
be expressed as follows by using (17):

A(p)
ntl oy = (0; — 1)u? — 6; . 1
w - = (0= Dup - 0 (31)
with A
“?H —0; (u’f _ 7(1p),2>
Pt (32)

0; = my! fm; !
mith = mP — AtAg(1)

with m; the mass of layer i, A(p); = p;;1/2 — Pi—1/2 the neighbouring interfaces
velocity difference in layer i, k; = Vol /AtA, ¢(1) the mass flux through the cell
face when dealing with first or last layer.

For internal layers, thus except first and last one, ¢(1) = 0 then §; = 1 and the
control relation on velocity is directly given using (25):

A(p); 2p
| = |20 < 2 (3)
pi ki Pl

For first or last layer, one needs to take into account the mass flux at the condensate
boundary cell face. We choose to control the velocity in such a way the maximum
velocity evolution is controlled consistently with internal layers, i.e. (33). Moreover,

this choice is obviously preserving constant states when u?*!

. =wuj'. Thus we have:

A(D); 2pt
uzn+1 — uﬂ = (ei — 1)u? — 0; péi)l < \/,of? (34)

This relation will be used in the control algorithm in section 4.

3.4 Control of interfaces pressure and velocity averages

The set of constraints (25) contains conditions on interfaces averages in a layer i of
pressures and velocities:

2pite

P (35)
P — pi'| < epy’

@i —ui| <

with U; = (ujr1/2 + ui—1/2)/2, i = (Pig1/2 + Pim1/2)/2-
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For sake of simplifying the algorithm, these conditions will be satisfied on dual
values in space, i.e. on the average of layers values at interface ¢ + 1/2 instead of on
average at layer i (35):

2pi 1€
‘UH—I/Q - UH—I/Q’ < min (\/ nFn ) \/p +I+ +1> (36)
7 i

|Dis1/2 — Piy1/2| <& min (p}, PPy y)

with interface averages of layers values p; 1o = (pf + p})/2 and ;9 = (uf +
uity)/2.

One can show that (35) and (36) are equivalent at order two in space on a
regular mesh. Let us consider the form of the interfaces velocity and pressure given
by equations (20):

Qip1p; + 0Py U = Uiy /e i+1/2
Dit1/2 = + iy ——— T2 ) g

OéZ + 41 . o+ oGy
n 7
ooy iy DY =Dy iy2
Uit1/2 = + Ny .

Q; + Qi1 Qi + Qi1

One can see that each of these equations are a sum of two terms of the form:
Dit+1/2 =<P >it1/2 +Uf+1/2

Uip1/2 =< U >i41/2 +UZ-J+1/2

with < p >1+1/2 an average of pj' and p;; and with < u >;,1/» an average of Uy
and v, , and o? i4+1/2 and o i41/2 decentrating terms. We then decide to approximate
the averages p;y1/o and ;49 Tespectively by < p > /9 and < u >;1 /9 in (36)

and thus finally we use the following control condition instead of (35):

2pTe 2p% €
< I3 +1
ZH/Q‘ o (\/ 1 N \/Pz+1 H—l) (37)

z+1/2‘ < € min (pz ) p1+1

’< U >iy1/2 —Uz+1/2‘

’< P >it1/2 —pi+1/2’

This approximated way for achieving relations (35) is very convenient because it

just consists in a limitation of the decentrating terms " ..
i+1/2

4 Control algorithm

In this section, we give an algorithm that corrects computed condensate variable

values at time #"! in such a way constraint relations (30) and (34) are satisfied for
each layer:
A(p) 2ple
ntl | = (6; — D)u — 6; < i, 38
Uz U, ‘ ( 3 )uz 7 p?/‘il >~ p?Ff ( )
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0; Vol — Vol
Vol?

€

: (p?(cW

g — 140,20

Kq

(39)

i
with A(u); = w12 — ui—1/2 and A(p)i = piy1/2 — Pi—1/2-

We want to correct values without loosing conservation of any variable. Thus the
algorithm will first correct values that are direct functions of quantities at interfaces.
With the algorithm section 4.2, layers volume are controlled and are direct functions
of interfaces velocity (39). With the algorithm section 4.3, layers velocity are con-
trolled and are direct functions of interfaces pressure (38). With this new corrected
values of layers volume Vol and velocity u}*, we have the corrected values A(u);*
and A(p)r*. Thus we obtain by recurrence formula the interfaces corrected values

1
of velocity and pressure p;7, /2°

—i—F?e)

koK

i+1/2

uihyye = (Voli™ = Volt) /At A and wi',y jy = wp”y jo + Au)y”,

pﬁln = —pr1(ul"/01 — uy) — ¢¢(2) and PZil/z = p?i’il/2 + AL
by using layers volume and velocity schemes (15) (17).
These values, that ensure that the pressure evolution is controlled, are used to

compute the corrected states p;*, E* by the scheme equations (15) (19) that ensure
conservation of mass and total energy in each condensate layer.

4.1 Conservation of mass, volume and momentum

In all following paragraphs, At = t"*1 — " is the time step, A is the transversal
area of the condensate, m[' is the mass at time ¢" in layer i.
Moreover 0; = m?/m;1Jr1 and k; = Voll'/At A.

Layer volume evolution in the condensate between time t" and t"*! is given
according to interfaces velocities:

Vol = Volf + At A (ur41/0.),
VOZZ'H = Vol + At A (upy1/22 — Uk—1/2,2) for 1 <k < nc, (40)
VOZZ;‘_I = VOZ:LLC + At A (_un671/2,x)'

with g4/, the velocity of the interface between layers k and k + 1 in direction x
phase of the directional splitting.
Thus we have conservation of the condensate volume:

i Vot = i Vol?. (41)
=1 =1

Layer mass evolution in the condensate between time " and t"*! is given according
to eulerian fluxes at boundaries:

mith = mp — AtAg(1),
for 1 < k < nc, (42)
= — AtAg,(1).
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with ¢(1) and ¢, (1) numerical mass fluxes at left and right boundaries standing for
an approximation of ¢(1) = p(u - n).
Thus we have a conservation relation on total mass evolution in the condensate:

nc nc
domith =) mi = AtA (é(1) + 6,(1)) (43)
i=1 i=1
Layer momentum evolution in the condensate between time " and t"*! is given
according to all interfaces fluxes:
miT = miu = At Aprye + 6e(2),
mZ’+ uZJr = mpuy — At A(Prt1/20 — Pi—1/2,0) for 1 <k < nc, (44)
mz;ﬁ-lugil = mgc“%c — At A(¢T(2) - pnc—1/2,x)'

with ¢¢(2) and ¢,(2) z momentum numerical fluxes at left and right boundaries
standing for an approximation of ¢(2) ~ pu (u-n) +p n.

Thus we have a conservation relation on the total momentum evolution in the con-
densate:

S omr Tt =S il — AtA (60(2) + 61 (2)) (45)
i=1 i=1
Using (42), it comes:
Sl ) =37 () — (mp )
=1 =1
= D_mi ) (46)
i=1
—(m{ ™ —mi)uf
_<m2j1 - ch)ugc'
Therefore, using (46) and (42) (44) it comes:
DomiTH T ) =~ (47)
i=1
with
p = AtA(d0(2) + ¢r(2) — de(Duy — dr(Dug) - (48)

4.2 Control algorithm for volumes

In (30) we had obtained the following relation:

0; Vol — Vol
V05 Vv anoZ = (P ”?2 ' )
' 0; (p AR r;%)
b;
Moreover: e
> (VoI = Volf) = 0. (50)

i=1
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Let us set:
- Vol = Vot when relation (49) is satisfied.
- Vol the maximum or minimum value in such a way relation (49) is satisfied if not.

The problem here is that these new values Vol are not satisfying the volume
conservation relation (50).

ProproSITION 2 If we have the hypothesis:

0;Vol: — Vol €
L ! > = Evols (51)
6;Vol! n ()2
O’L 91 (p’L (cnz) _I_I\?s)
019' 1' — ‘ml mn mz S n( nE):2 = E’L)Ola (52)
! i 91 <pi CTZ + F?&?)
and

therefore the following algorithm provides values Vol}* that satisfy constraint (51)
(with Vol¥* replacing Vol}) as well as exact total volume conservation:

i Voli* = i Vol}. (53)
i=1 i=1

Algorithm: We need to find K; and thus Vol* defined by the relation:

Voli* = Vol = K; (Vol; —Vol}), (54)
in such a way that:
> (VoI = Vol) = > K, (Vol; — Volf') = 0. (55)
i=1 i=1
Let us set:
q; = Vol; —Vol} (56)
and nc nc nc
YK = Y K+ Y K
i=1 i=1,q7>0 i=1,q<0 (57)
= KtSt—K S =0
with
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nc
St= > ¢ >0

i=1,g;>0

nc
ST =- Z qF >0.

i=1,q7 <0

We choose 0 < K* < 1 and the closest values of K¥ to 1 to change the less possible

the values Vol}* compare to Vol}, see equation (54).
It tlrfn comes:

S+
ifg_<1thenK+:13ndK_:§_,
if§<1thenK7:IandK+:Sf+,

if S* =0 then K* =1 and KT =0.

Proof Conservation relation (53) is satisfied by definition of Vol}*.
By definition (54) of K; we have:

(Voli* —Vol') = K; (Vol; — Vol)
It then comes:

Therefore we obtain

0;Vol* —Vol?

0; —1

7

0;Vol: — Vol

<K;

+ (1 - K;)

‘ < Evol
because of relations (51) and (52) and 0 < K; < 1.

4.3 Control algorithm for velocities

In (34) we had obtained following relations:

| 2epl?
+1 _
!u:‘ - uﬂ < P?FZ? = g,.

ne

n+1/, n+l ny __
E :mz ('™ —u)=—p
i=1

Moreover:

with
= AtA(de(2) + ¢r(2) — de(1)ul — &r(1)ug,)

(58)

(59)

(63)

with ¢¢(1) and ¢, (1) numerical mass fluxes at left and right boundaries standing for
an approximation of ¢(1) = p(u - n) and ¢;(2) and ¢,(2) numerical £ momentum
fluxes at left and right boundaries standing for an approximation of ¢(2) = pu (u -

n)+p n.
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REMARK 3 Since ¢ are numerical fluxes, ¢ stands for an approximation of ¢ ~
At A (pr — pe), the pressure gradient between the condensate boundaries.

Let us set:

- uf = u™ when relation (61) is satisfied.

- w7 the maximum or minimum value in such a way relation (61) is satisfied if not.

The problem here is that these new values u; are not satisfying the momentum
conservation relation (62).

PROPOSITION 4 If we have the hypothesis

’U: - U?‘ < €, (64)

< e, (65)

L
mg
therefore the following algorithm provides values u)* still satisfying constraint (64)

(with u* replacing u}) as well as exact total momentum conservation (62).

Algorithm Relation (62) is equivalent to

nc
> mptt (u?“ — 9”) —0 (66)
=1

mc

with

nc

me =3 mp

i=1
We need to find Kj;, thus «}* in such a way that

mc mc

and

nc (p nc ) (p

1 Hok *

Zm;” (ul up’ + m) = 'ZKZm:‘Jr (uz uy + mc> =0 (68)

i=1 i=1
Let us set:

g =mitt <u* uy + <p> ; (69)
me

then equation (68) becomes:

nc
Z Kiq;
i=1

I
™
=
+
5
_l’_
|~
3\d
=
5,
E

with
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K=K ifq <0,

nc
St= > 4@ >0

1=1,g7>0

nc
ST =- Z qF >0.

i=1,q7 <0

We choose 0 < K* < 1 and the closest values of K+ to 1 to change the less
possible the values u} compare to u}*, see equation (68).
It t}fn comes:

S ST
if§’:<1thenK+:1andK:g:,
if§<1thenK_:1andK+:Sj,

if ST =0then K*¥=1and KT =0.

Proof Conservation relation (62) is satisfied by definition of w;*.
By definition of K; we have:

4 '
<u2<* —ul + mC) = K; <u;k —uy + mc) (71)
which is equivalent to:
ul” =l = K (] =) + (L= K (72)
Thus we obtain:
" = ] < Kl - ]+ (1= )| £ < e (73)
mc
O
REMARK 5 We have to take care of the constraint
mg

The value €, should be adapted to satisfy this constraint if it is not the case.

5 Numerical test results

In this section, three benchmark tests will be presented that were hardly possible
to compute with the former control procedure method described in [1] because of
robustness problems which did make crash the computations. With the new control
algorithm described in this present paper, they have been easy to perform. They are
of three quite different flow regimes. First is the rise of a gas bubble in a liquid by
gravity, thus at low Mach Number (Mach ~ 5 1073). Second is the simulation of the
growth of a Rayleigh-Taylor instability between two gases, which leads to an interface
of complex shape. Third is the simulation of the growth of a Richtmyer-Meshkov
instability, which consists in the interaction of a shock wave, here at Mach = 2.5,
with an interface between two different fluids.

International Journal on Finite Volumes - IJFV, 7, pp 101-132, (2010) 122



Control of pressure in the FVCF-NIP method.

5.1 Gas bubble in a liquid

The geometry is initially a square gas bubble inside the liquid in a tank of dimensions
1 m x 1 m. There is also gas above the liquid in the tank. The bubble will rise in
the liquid because of the vertical gravity field g = —9,81 m/s?, until reaching the
surface. The mesh grid is made of 100 x 100 cells. Boundary conditions are all of
type wall. The initial state is the reference state defined for both fluids as follows:

e a perfect gas EOS P = (v — 1)pe is given for the gas which is assumed to have
a y = 1.16 constant and a density pg = 4 kg/m? at reference pressure Py =
101325 Pa, which leads to a speed of sound of ¢g = (yPy/po)*/? ~ 171 m/s.

e astiffened gas EOS P = (N—1)pe—Il is given for the liquid which is assumed to
have N = 7 and II = 159290725 Pa constants and a density pg = 1000 kg/m?>
at reference pressure Py = 101325 Pa, which leads to a speed of sound of
co = ((yPo +T0)/po)'/? =~ 400 m/s.

Results are displayed figure 4.

5.2 Rayleigh-Taylor instability

The domain geometry is a tube of dimensions 1 m x 6 m. The heavy fluid is above
the light fluid and the interface between them is oblic with a slope of 1/2 positioned
at the middle height of the tube. The mesh grid is made of 50 x 300 cells. Boundary
conditions are all of type wall.

Both heavy and light fluids have the same virtual stiffened gas EOS:

e a stiffened gas EOS P = (N — 1)pe — II which is assumed to have N = 1.5 and
IT = —20000 Pa constants.

Initial states of the fluids are defined as follows:

e the heavy fluid has a density pyy = 6000 kg/m?>, which leads to a speed of sound
of cro = (YPo+11)/prr)'/? = 4,65 m/s at reference pressure Py = 100000 Pa.

e the light fluid has a density p;, = 5000 kg/m?, which leads to a speed of sound
of cro = ((WPy +10)/pr)"/? ~ 5,1 m/s at reference pressure Py = 100000 Pa.

e the pressure follows an approximated hydrostatic profile P = Py + 1/2 (pg +
pr) lg| (6 —Y) with the reference pressure Py = 100000 Pa, Y € [0,6] the
vertical space coordinate and the vertical gravity field g = —9,81 m/s?.

Results are displayed figure 5.

5.3 Richtmyer-Meshkov instability

The domain geometry is a tube of dimensions 0.1 m x 1 m. The tube is filled up
with two fluids, a liquid above the interface and a gas below. The interface between
the fluids is oblic with a slope of 1/2 positioned at vertical position Y = 0.8 m in the
tube. A shock wave at Mach = 2.5 is coming downward from the top of the tube and
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will interact with the oblic interface where the Richtmyer-Meshkov instability will
develop. The mesh grid is made of 50 x 500 cells. Boundary conditions are for left
and right boundaries of type wall (or symmetry) and for up and down boundaries
of type free in/out condition.
Fluids EOS are of two kinds:

e a perfect gas EOS P = (v — 1)pe is given for the gas which is assumed to have
a v = 1.3 constant and a density pgo = 10 kg/m? at reference pressure Py =
100000 Pa, which leads to a speed of sound of ¢y = (vPy/po)*/? ~ 114 m/s.

e a stiffened gas EOS P = (N —1)pe —1I1 is given for the liquid which is assumed
to have N = 3 and II = 10® Pa constants and a density pro = 500 kg/m?
at reference pressure Py = 100000 Pa, which leads to a speed of sound of
co = ((vPo + 1)/ pro)'/? ~ 450 m/s.

We define three domains in the tube: (1) between the tube bottom and the
interface is the gas at the reference state domain, (2) between the interface and the
shock wave is the liquid at the reference state domain and (3) between the shock
wave and the top of the tube is the liquid in the post-shock conditions domain.
Initial states of the fluids are defined as follows:

1. the reference state for the gas is (p = 10 kg/m?, ux = 0 m/s, uy =
514.9772 m/s, P = 10° Pa).

2. the reference state for the liquid is (p = 500 kg/m3, ux = 0 m/s, uy =
514.9772 m/s, P = 10° Pa).

3. the post-shock state for the liquid is (p = 925.78 kg/m3, ux = 0 m/s, uy =
0 m/s, P=2884.125 105 Pa).

Post-shock conditions have been computed according to Rankine-Hugoniot jump
conditions.
Results are displayed figure 6.

6 Conclusion

In this paper we have recalled the main features of the FVCF-NIP method. The data
structure named condensate is designed to compute the evolution of the interface
through the fixed mesh preserving the conservation of mass, momentum and total
energy. It also permits the sliding of materials on each others. However, the scheme
written in condensates is unstable for small volume fractions, because the time step
stability condition is not satisfied in those ones. Constraint relations have been
designed to recover a stability condition based on the variation of pressure which
has to be small during one time step in each material volume. An algorithm is
proposed as a correction of fluxes in the condensate, thus computed values, which
leads to new values satisfying at the same time pressure stability relations and
conservation of all quantities. This method has been used to simulate different fluid
flows regimes, with large density and acoustic impedance (pc?) ratios, and with
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quite different Mach numbers, from Mach ~ 1073 to Mach ~ 2.5 for shock wave
interaction with liquid and gas interfaces. The new control algorithm presented in
this paper has improved robustness of the method in all regimes, because variation
of pressure control algorithm is better settled. Indeed, it is proved that corrected
values are satisfying control relations in all layers of the condensate, instead of the
former algorithm [1] which does not.
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Figure 4: Initial gas volume fraction (above) and at time t ~ 3 s (below). The result
shows a good symmetry with respect to the central vertical axis. This benchmark
test was impossible to perform with the former algorithm described in Braeunig’s
Phd report [1].
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Figure 5: Initial light fluid volume fraction distribution (left) and at time ¢t ~ 4 s
(center), density profile at time ¢ ~ 4 s (right). The Rayleigh-Taylor instability is
developing and leads to a complex interface between fluids, with small structures

and bubbles.
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Figure 6: Initial density profile (left), liquid volume fraction distribution at time
t ~ 1.2 1073 s (center) and density profile at time ¢t ~ 1.2 10735 (right). This
benchmark test is severe because it presents two highly different phases: the shock
wave interaction with the interface which strongly tests the condensate scheme sta-
bility for compressible flows and the growth of the instability which is almost an
incompressible flow.
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Annex

In this section, we will exhibit constraints on pressure and velocity at the condensate
interfaces that imply the control of pressure in each layer ¢ in the sense of the
following inequality:

7L+1_ n

1 1
it = | prer TN e e (pf(e)? L\ e o)
— ~ L — + . I} | < 2. (74)
p; p; & p; P

We consider the case of a layer ¢ between two moving interfaces, i + 1/2 denotes
the right one and i —1/2 denotes the left one. We denote layer i quantities at time t"
by (.)f" and interface i+1/2 quantities at time t" by (.);11/2. Quantities at interfaces
are fluxes quantities at time ¢ computed to write the scheme and obtain quantities
at time "1,

According to the scheme formulation (14), (15), (16), (17), (18), (19), we have:

n+l n+1 n+1
pi " =miT Vol

n+1 __ n
M =T Au), (75)
Vol = Vol (1 + )
Kj
(w1 _ o Al
Pi ki
ot =y
grtl _ pn A(pu); (76)
i - i n,..
piﬂz
[ et = BT - (@4 )

with A(.); = (-)ig1/2 = (-)i—1/2 the neighbouring interfaces velocity difference in layer
i, ki = Vol!'/AtA with At the time step and A the transversal section area of the
condensate.

Equation (74) can thus be rewritten using the explicit formula of p"! and ™!
given by the scheme:
(AR ) A
j ! Ki
LTt (_Apui—uwA@: 1 (AN |,
o ol 200 \pinp) )| =7

Using the averages p; = (piy1/2 + pi—1/2)/2 and Ui = (uiy1/2 + wi—1/2)/2, it
comes:

n 7
b; Ki

%ﬁ%zﬁﬁ%%)_wrwm<£ﬂ>_<£%>>
p; Pi ki Pi K; 2\ pi'K;

)
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’ <p?<c?> (1)) A
Py ,
Bk i i
+pl;<2(uz ~>(,§pi)+( <p>>)
2pi Pi Ky pz %
Relation (79) can be interpreted as a polynomial function of variable:

<= ()

which values should be bounded for any X. This inequality is invariant by any
translation as a change of variable Y = X 4 «. Using this variable change with
a = (u; — ul) such that:

thus

(79)

< 2e.

20 —uM) X + X2 =Y? — (u; — ul)?,

we obtain the following equivalent to (79) inequality:
(02 oy (1 2 ) Sl
Py ' , 7 i
nn A(p);
A (20 )
2p; Pi ky

No approximations has been made until now, relation (80) is just a reformulation
using explicit relations of quantities in (74). We have to find constraints on inde-
pendent variables p;1/o and u;41 /5 through independent variables p;, u;, A(p); and
A(u); (with (1); = ((Dig12 + (ic1/2)/2 and A(); = ()ig1/2 — (1)i—1/2) to satisfy
relation (80). The choice is made to settle independent and explicit constraints on
each variable p;, u;, A(p); and A(u); implying the pressure constraint relation (80),
even if losing the equivalence.

First approximation: relation (80) is he sum of two terms which will be separated
leading to two relations by using the inequality |a + b < |a| + |b] < 2e:

(80)

< 2e.

gpr((ﬁ(ﬁ))—wﬂ)) <e (52

First relation (81) will be satisfied with the following choice of constraint for p;:

(-2))=-

that yields to the following uncoupled constraint relation on A(u);:

'(p;) o ( p£)> Aw);

(gt o) 24
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'

because pl, (] )2, p? and I'}' are positive quantities.

Second relation (82) will be satisfied using the inequality:
la? — b?| < max(a?,b?) < e.

It then comes two uncoupled constraint relations on @; and A(p);:

Ap)i )’ 2pie
< ?
|< > N (85)

n,..Mn
Pi Ky

(@ — u})?| < 2ie

. 86
- Ty (%0

Let us summarise the complete set of constraints we choose:

A(u); - €
. - (1) 2
HZ <p7, (C’L) +PZLE)

T

pLy (&7)

with (1); = ((Diy172) + (Diz12)/2, AC)i = (ig12) — (Di12 and k; = Vol /AtA.

REMARK 6 First two relations on A(u); and A(p); prevent the scheme to impose
strong gradients on a small layer. Last two relations impose that the average of
interfaces values u; = ((u);11/2) + (u)i—1/2)/2, respectively p;, is close enough from
layer value u;', respectively pi'. It behaves like a monotonicity constraint on velocity
and pressure profiles on both layer and interface centred values .
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