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Abstract

This article analyses the convergence of the Vertex Approximate Gradi-

ent (VAG) scheme recently introduced in Eymard et al. 2012 for the

discretization of multiphase Darcy flows on general polyhedral meshes.

The convergence of the scheme to a weak solution is shown in the par-

ticular case of an incompressible immiscible two-phase Darcy flow model

with capillary diffusion using a global pressure formulation. A remarkable

property in practice is that the convergence is proven whatever the dis-

tribution of the volumes at the cell centers and at the vertices used in the

control volume discretization of the saturation equation. The numerical

experiments carried out for various families of 2D and 3D meshes confirm

this result on a one-dimensional Buckley Leverett solution.
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1 Introduction

Recently, a new discretization of diffusive equations, the Vertex Approximate Gra-
dient (VAG) scheme, using both cell and vertex unknowns, has been introduced
in [16]. The cell unknowns can be eliminated locally without any fill-in in the
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sense that no additional connections between vertices are introduced in the elimi-
nation. It leads after elimination of the cell unknowns to a vertex-centered scheme
with a typical 27 points stencil for 3D topologically Cartesian meshes. The VAG
scheme is consistent, unconditionally coercive, compact, and easy to implement on
general polyhedral meshes (with possibly non planar faces) and for heterogeneous
anisotropic diffusion tensors. In addition, it is exact on cellwise affine solutions for
cellwise constant diffusion tensors. It has exhibited a good compromise between
accuracy, robustness and CPU time in the recent FVCA6 3D benchmark [15].

The VAG scheme has been extended to multiphase Darcy flows in [18] and [17]
and leads to a conservative finite volume discretization with fluxes connecting each
cell to its vertices. It can be viewed as a control volume method widely used in the
oil industry (see [3] and [21]) provided that control volumes are defined both at the
cell centers and at the vertices.

Compared with usual cell-centered finite volume approaches, the main interests
of the VAG discretization are twofold: first the single phase Darcy fluxes lead to a
coercive discretization for arbitrary cells and permeability tensors and second the
cell unknowns can still be eliminated without fill-in from the linear system leading to
a large reduction of the set of unknowns in the case of tetrahedral meshes compared
with cell-centered approaches.

Compared with control volume finite element discretizations introduced in [4]
and which have been applied to multiphase Darcy flows for example in [19], [7], the
VAG fluxes are not defined as the integral of the normal velocity on a dual mesh
interfaces. This allows us to decouple the definition of the fluxes from the definition
of the control volumes. This is why we can obtain coercive single phase Darcy fluxes
for arbitrary cells and permeability tensors which is not the case for control volume
finite element methods. In addition, in our method, we only need to define a volume
at each vertex and at each cell which are simply obtained by any conservative redis-
tribution of the volume of each cell to its vertices preserving the non negativity of
the remaining volumes at the cells. In pratice these volumes are distributed in order
first to respect the main heterogeneities of the porous media and second to balance
as much as possible the volumes between the surrounding cells and vertices (see [17]).

The main objective of this paper is to strenghten the theoretical background of
this approach by proving the convergence of the VAG discretization whatever the
choice of the volumes at the cell centers and at the vertices in the particular case of
a two-phase incompressible immiscible Darcy flow model.

The first convergence result for a finite volume discretization of two-phase Darcy
flow models has been obtained for cell-centered two point flux approximation schemes
on admissible meshes in [20] and [12]. In [12] the convergence is obtained for the
usual phase pressures and saturations formulation using a phase by phase upwinding
of the mobilities. To our knowledge, this is the only convergence result for such a
formulation widely used in petroleum engineering and the proof uses crutially the
two point nature of the flux approximation. In [20] the convergence is obtained for
the global pressure formulation introduced in [6] (see also [2]). This latter conver-
gence result has been recently extended in [5] to the case of the Sushi finite volume
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discretization [13] which applies to general polyhedral meshes and heterogeneous
anisotropic porous media. Let us also quote [8] providing error estimates for the
two phase Darcy flow model in global pressure formulation using a Mixed Finite
Element Method for the pressure equation and a Finite Element discretization of
the saturation equation.

Our proof is an adaptation of the result given in [5] for the Sushi scheme in
global pressure formulation to the case of the VAG discretization. One of the main
additional difficulty is to show the convergence of the scheme whatever the choice
of the volumes at the cell centers and at the vertices. This requires to work with
different representations of the discrete saturation for which we need to estimate
their differences in L2 norm, as well as to derive new discrete Poincaré inequalities.

The outline of the paper is the following. We first recall in section 2 the VAG
discretization for a diffusion equation on general polyhedral meshes and derive the
VAG fluxes between each cell and its vertices. In section 3, the two-phase flow
model and its VAG discretization are introduced. They rely on the so-called global
pressure formulation and on a fully implicit Euler integration in time. The VAG
discretization is used for the Darcy fluxes as well as for the capillary diffusion, and
the fractional flow term is approximated using a first order upwind scheme. Then,
the weak convergence of the discrete pressure and the strong convergence of the
discrete saturation to a weak solution of the two-phase flow problem are derived
up to a subsequence. In section 4, the convergence of the scheme is assessed on a
Buckley Leverett one-dimensional solution for various families of 2D and 3D meshes
mainly taken from the FVCA5 and FVCA6 [15] benchmarks.

2 Vertex centered Discretization on generalised polyhe-
dral meshes

2.1 Vertex Approximate Gradient discretization of the Darcy fluxes

Let Ω be a bounded polyhedral subdomain of R3 of boundary ∂Ω = Ω \ Ω.
For a.e. (almost every) x ∈ Ω, Λ(x) denotes a 3-dimensional symmetric positive

definite matrix such that that there exist Λ ≥ Λ > 0 with

Λ‖ξ‖2 ≤ ξtΛ(x)ξ ≤ Λ‖ξ‖2,

for all ξ ∈ R3 and for a.e. x ∈ Ω.

We consider the following diffusion equation{
div (−Λ∇ū) = f in Ω,

ū = 0 on ∂Ω,

with homogeneous Dirichlet boundary condition. Its variational formulation: find
ū ∈ H1

0 (Ω) such that ∫
Ω

Λ∇ū · ∇v dx =

∫
Ω
f v dx

International Journal on Finite Volumes 3
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for all v ∈ H1
0 (Ω), admits a unique solution ū provided that f ∈ L2(Ω) which is

assumed in the following.

Following [16], we consider generalised polyhedral meshes of Ω. Let M be the
set of cells that are disjoint open subsets of Ω such that

⋃
κ∈M κ̄ = Ω. For all

κ ∈M, xκ denotes the so-called “center” of the cell κ under the assumption that κ
is star-shaped with respect to xκ. Let F denote the set of faces of the mesh which
are not assumed to be planar, hence the term “generalised polyhedral cells”. We
denote by V the set of vertices of the mesh. Let Vκ, Fκ, Vσ respectively denote the
set of the vertices of κ ∈M, faces of κ, and vertices of σ ∈ F . For any face σ ∈ Fκ,
we have Vσ ⊂ Vκ. Let Ms denote the set of the cells sharing the vertex s. The set
of edges of the mesh is denoted by E and Eσ denotes the set of edges of the face
σ ∈ F . It is assumed that for each face σ ∈ F , there exists a so-called “center” of
the face xσ such that

xσ =
∑
s∈Vσ

βσ,s xs, with
∑
s∈Vσ

βσ,s = 1,

where βσ,s ≥ 0 for all s ∈ Vσ. The face σ is assumed to match with the union of the
triangles Tσ,e defined by the face center xσ and each of its edge e ∈ Eσ.

Let Vint = V \ ∂Ω denote the set of interior vertices, and Vext = V ∩ ∂Ω the set
of boundary vertices.

The previous discretization is denoted by D and we define the discrete space

WD = {vκ ∈ R, vs ∈ R, κ ∈M, s ∈ V},

and its subspace with homogeneous Dirichlet boundary conditions on Vext

W 0
D = {vκ ∈ R, vs ∈ R, κ ∈M, s ∈ V | vs = 0 for s ∈ Vext}.

The VAG scheme introduced in [16] is based on a piecewise constant discrete
gradient reconstruction for functions in the space WD. Several constructions are
proposed based on different decompositions of the cell. Let us recall the simplest
one based on a conforming finite element discretization on a tetrahedral sub-mesh,
and we refer to [16, 14] for two other constructions sharing the same basic features.

For all σ ∈ F , the operator Iσ : WD → R such that

Iσ(v) =
∑
s∈Vσ

βσ,svs,

is by definition of xσ a second order interpolation operator at point xσ.

Let us introduce the tetrahedral sub-mesh T = {Tκ,σ,e, e ∈ Eσ, σ ∈ Fκ, κ ∈ M}
of the meshM, where Tκ,σ,e is the tetrahedron defined by the cell center xκ and the
triangle Tσ,e as shown by Figure 1.
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For a given v ∈ WD, we define the function πT v ∈ H1(Ω) as the continuous
piecewise affine function on each tetrahedron T of T such that πT v(xκ) = vκ,
πT v(s) = vs, and πT v(xσ) = Iσ(v) for all κ ∈ M, s ∈ V, σ ∈ F . We define the
space VT = {πT v, v ∈ WD} ⊂ H1(Ω) and the space V 0

T = {πT v, v ∈ W 0
D}, which

lies is H1
0 (Ω). The nodal basis of this finite element discretization will be denoted

by ηκ, ηs, κ ∈M, s ∈ V.

Following [16], the Vertex Approximate Gradient (VAG) scheme is defined by
the discrete variational formulation: find u ∈W 0

D such that

aD(u, v) =

∫
Ω
f(x) πT v(x) dx for all v ∈W 0

D,

with aD the bilinear form defined by

aD(u, v) =

∫
Ω
∇πT u(x) · Λ(x) ∇πT v(x) dx for all (u, v) ∈W 0

D ×W 0
D.

Let us define for all κ ∈M and s, s′ ∈ Vκ

as
′
κ,s =

∫
κ
∇ηs(x) · Λ(x)∇ηs′(x) dx.

One has
aD(u, v) =

∑
κ∈M

∑
s∈Vκ

∑
s′∈Vκ

as
′
κ,s(us′ − uκ)(vs − vκ),

leading to the definition of the following conservative fluxes between a given cell
κ ∈M and its vertices s ∈ Vκ

Fκ,s(u) =
∑
s′∈Vκ

as
′
κ,s(uκ − us′) = −

∫
κ

Λ(x)∇πT u · ∇ηs dx, (1)

and
Fs,κ(u) = −Fκ,s(u).

Then, the VAG discretization is equivalent to the following discrete system of con-
servation laws: find u ∈W 0

D such that

∑
s∈Vκ

Fκ,s(u) =

∫
κ
f(x) ηκ(x) dx for all κ ∈M,

∑
κ∈Ms

Fs,κ(u) =

∫
Ω
f(x) ηs(x) dx for all s ∈ Vint.

3 Convergence analysis for a two-phase flow model

We consider the following two-phase incompressible Darcy flow model. The gravity is
not considered for the sake of simplicity but all the subsequent convergence analysis
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extends to the case with gravity following the same arguments as in [5].

div
(
−λ(S) Λ∇p

)
= k+ + k− on Qtf ,

φ∂tS + div
(
−f(S)λ(S) Λ∇p

)
+ div

(
−Λ∇ϕ(S)

)
= ko(., S) on Qtf ,

ko(., S) = f(Sinj)k+ + f(S)k− on Qtf ,

S = 0, p = 0 on ∂Ω× (0, tf ),
S|t=0 = S0 on Ω,

(2)

where Qtf := Ω× (0, tf ). Let us refer to [9] for an existence of a weak solution and
a uniqueness result for such a two phase Darcy flow model.

Assumptions on the data :
(H1) ϕ ∈ C([0, 1]), ϕ(0) = 0, is a strictly increasing piecewise continuously

differentiable Lipschitz-continuous function with a Lipschitz constant Lϕ.

(H2) The functions λ, f ∈ C([0, 1]) are Lipschitz-continuous; we denote by Lλ
and Lf the corresponding Lipschitz constants.

(H3) λ is such that 0 < λ ≤ λ(s) for all s ∈ [0, 1];

(H4) f is a nondecreasing function and it satisfies f(0) = 0, f(1) = 1;

(H5) S0 ∈ L∞(Ω); and φ ∈ L∞(Ω) is such that 0 < φ ≤ φ(x) ≤ φ for a.e. in
x ∈ Ω;

(H6) k+, k− ∈ L∞(Ω) are such that k+ ≥ 0, k− ≤ 0 a.e. in Ω, Sinj ∈ L∞(Ω) is
such that Sinj ∈ [0, 1] a.e. in Ω.

The scheme that we propose does not guarantee that S remains in [0, 1], thus
we have to extend all the functions of S on R, which is done in following way.

(H7) The functions λ, f are continuously extended by a constant outside of
(0, 1); ϕ is linear outside of [0, 1] with ϕ(s) = Lϕs for all s < 0 and ϕ(s) − ϕ(1) =
Lϕ(s− 1) for all s > 1.

Weak solution :
A function pair (S, p) is a weak solution of the problem (2) if
(i) S ∈ L2(0, tf ; L2(Ω));
(ii) ϕ(S) ∈ L2(0, tf ;H1

0 (Ω));
(iii) p ∈ L∞(0, tf ;H1

0 (Ω));
(iv) for all ψ ∈ L2(0, tf ;H1

0 (Ω)) with ∂tψ ∈ L2(Qtf ), ψ(·, T ) = 0, S and p satisfy
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the integral equalities

−
∫ tf

0

∫
Ω
S∂tψ dxdt−

∫
Ω
S0ψ(·, 0) dx +

∫ tf

0

∫
Ω
f(S)λ(S) Λ∇p · ∇ψ dxdt

+

∫ tf

0

∫
Ω

Λ∇ϕ(S) · ∇ψ dxdt =

∫ tf

0

∫
Ω
ko(., S)ψ dxdt,

(3)
and ∫ tf

0

∫
Ω
λ(S)Λ∇p · ∇ψ dxdt =

∫ tf

0

∫
Ω

(k+ + k−)ψ dxdt.

VAG discretization of the two-phase flow model:

Let us denote by |κ| the volume of the cell κ: |κ| =
∫
κ dx. Let us introduce the

weights αs
κ ≥ 0, κ ∈ M, s ∈ Vκ ∩ Vint representing the fractions of volume of a cell

κ distributed to a vertex s of the cell κ. They are chosen such that the remaining

volume at each cell is non negative i.e.
(

1−
∑

s∈Vκ∩Vint α
s
κ

)
≥ 0 for all κ ∈M.

Then, we define the volumes
mκ,s = αs

κ|κ| for all κ ∈M, s ∈ Vκ ∩ Vint,
ms =

∑
κ∈Ms

mκ,s for all s ∈ Vint,

mκ = |κ| −
∑

s∈Vκ∩Vint

mκ,s for all κ ∈M,

(4)

which are such that ∑
ν∈M∪Vint

mν =
∑
κ∈M

|κ| =
∫

Ω
dx.

Let ωκ, ωκ,s, s ∈ Vκ∩Vint be some partition of the cell κ such that
∫
ωκ

dx = mκ and∫
ωκ,s

dx = mκ,s, and let us set ωs =
⋃
κ∈Ms

ωκ,s for all s ∈ Vint. Let the porosity

φν of each ν ∈M∪ Vint be defined such that

mνφν =

∫
ων

φ(x) dx,

and arbitrarily chosen in the interval [φ, φ] for a vanishing volume mν . It results
from the hypothesis H5 that

φ ≤ φν ≤ φ for all ν ∈M∪ Vint. (5)

Our main objective is to prove the convergence of the VAG scheme for the above
two-phase flow model whatever the choice of the volume fractions αs

κ. This flexibility
in the choice of the volumes is a key feature to adapt the VAG scheme for two-phase
flows in heterogeneous media. In that case, as explained in [17], the volume fraction
αs
κ is chosen proportional to the ratio between the permeability of the cell κ and the

sum of the permeabilities of all cells around the vertex s. This choice is modified in
the case of different rocktypes in the cells around the vertex s in such a way that
only cells sharing the same given rocktype distribute a non zero fraction of their
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volume to the vertex s. This guarantees that the rocktype is uniquely defined at the
vertex s. We refer to [17] for details.

The spatial VAG discretization of the two-phase flow model (2) is obtained fol-
lowing [17] writing the mass conservation of both phases in the control volumes ωκ
and ωs =

⋃
κ∈Ms

ωκ,s using the VAG fluxes Fκ,s.
For the sake of simplicity, for N ∈ N∗, we will consider the uniform time dis-

cretization tn = n
tf
N , n = 0, · · · , N , of the time interval [0, tf ] with t0 = 0, tN = tf

and with the constant time step ∆t =
tf
N . We consider an Euler implicit time

discretization scheme. Thus, we obtain the following set of discrete equations:

∑
s∈Vκ

V n
κ,s = mκ(k+

κ + k−κ ), κ ∈M, (6)

∑
κ∈Ms

−V n
κ,s = ms(k

+
s + k−s ), s ∈ Vint, (7)

φκmκ
Snκ − Sn−1

κ

∆t
+
∑
s∈Vκ

f(Snκ,s) V
n
κ,s + Fκ,s(ϕ(Sn)) = mκk

o,n
κ , κ ∈M, (8)

φsms
Sns − Sn−1

s

∆t
+
∑
κ∈Ms

−f(Snκ,s) V
n
κ,s − Fκ,s(ϕ(Sn)) = msk

o,n
s , s ∈ Vint, (9)

V n
κ,s = λ(Snκ )Fκ,s(p

n), s ∈ Vκ, κ ∈M,

ko,nν = k+
ν f(Sinj

ν ) + k−ν f(Snν ), ν ∈M∪ Vint,
Sns = 0, pns = 0, s ∈ Vext, (10)

for all n = 1, · · · , N , where for all functions β = S0, Sinj, k+, k−, βν is defined for all
ν ∈M∪ Vint by

mνβν =

∫
ων

β(x) dx, (11)

and arbitrarily chosen in [−‖β‖L∞(Ω), ‖β‖L∞(Ω)] for mν = 0, and where the following
upwind approximation

Snk,s =

{
Snκ if Fκ,s(p

n) ≥ 0,
Sns if Fκ,s(p

n) < 0,
(12)

of the saturations has been used.
Let us remark that the conservation equations (6), (8) in each cell κ only involve

the cell unknowns pκ and Sκ and the vertex unknowns ps, Ss for all s ∈ Vκ. It
results that, at each iteration of the Newton algorithm used to solve the nonlinear
system (6)- (10), the Schur complement of the Jacobian system eliminating the cell
unknowns and the cell linearized conservation equations can be computed without
any fill-in. It leads to a linear system on the vertex unknowns only with the same
stencil than typical P1 or Q1 finite element discretizations. The computation of this
Schur complement involves the inversion of a 2 by 2 matrix for each cell and at each
Newton iteration which can be shown to be nonsingular for a small enough time
step.
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3.1 Discrete functional setting

Let u ∈WD, we recall that πT u is the piecewise affine function

πT u(x) =
∑

ν∈M∪V
uνην(x).

We define two other function reconstructions from WD to L2(Ω), first the cellwise
constant reconstruction

πMu(x) = uκ for all x ∈ κ, κ ∈M,

and second the following piecewise constant reconstruction:

πDu(x) = uν for all x ∈ ων , ν ∈M∪ Vint.

Note that πDu does not depend on the us for s ∈ Vext.

In the following, for any continuous function g : R→ R, and for any u ∈WD, the
function g(u) ∈ WD is defined such that g(u)κ = g(uκ) for all κ ∈ M and g(u)s =
g(us) for all s ∈ V. Note that we clearly have the properties πMg(u) = g(πM(u))
and πDg(u) = g(πD(u)).

Lemma 3.1 For all u ∈WD, one has∑
s∈Vκ

(vκ − vs)Fκ,s(u) =

∫
κ

Λ(x)∇πT u · ∇πT v dx, (13)

and
Λ‖∇πT u‖2L2(κ) ≤

∑
s∈Vκ

(uκ − us)Fκ,s(u) ≤ Λ‖∇πT u‖2L2(κ).

Proof: For all u ∈WD, one has by definition of the flux (1)

Fκ,s(u) = −
∫
κ

Λ(x)∇πT u · ∇ηs dx.

We deduce that for all u, v ∈WD∑
s∈Vκ

(vκ − vs)Fκ,s(u) =

∫
κ

Λ(x)∇πT u · ∇πT v dx,

which yields the lemma from our assumption on Λ. �

Let ρT denote the insphere diameter of T , hT the diameter of T , and Tκ ⊂ T
the set of tetrahedra of κ. We set hκ = maxT∈Tκ hT and hT = maxT∈T hT .

We will assume in the convergence analysis that the family of tetrahedral sub-
meshes T is shape regular and that the number of vertices of each cell κ is uniformly
bounded. Hence let us set

θT = max
T∈T

hT
ρT
,

International Journal on Finite Volumes 9
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and
γM = max

κ∈M
#Vκ.

We have the following lemma.

Lemma 3.2 There exist C1 > 0 and C2 > 0 depending only on γM and θT such
that, for all u ∈WD and all κ ∈M, one has

C1|κ|
(
u2
κ +

∑
s∈Vκ

u2
s

)
≤ ‖πT u‖2L2(κ) ≤ C2|κ|

(
u2
κ +

∑
s∈Vκ

u2
s

)
, (14)

and

C1
|κ|

(hκ)2

∑
s∈Vκ

(us − uκ)2 ≤ ‖∇πT u‖2L2(κ)d ≤ C2
|κ|

(hκ)2

∑
s∈Vκ

(us − uκ)2. (15)

Proof: Let u(x) be a linear function on a tetrahedra T ∈ Tκ of volume |T |. We
denote by ui, i = 0, · · · , 3, its nodal values at the vertices of T . There exist two
reals D1 > 0 and D2 > 0 independent on T and u such that

D1‖u‖2L2(T ) ≤ |T |
3∑
i=0

u2
i ≤ D2‖u‖2L2(T ), (16)

and two reals E1 > 0 and E2 > 0 depending only on θT and independent on u such
that

E1‖∇u‖2L2(T )d ≤
|T |

(hT )2

3∑
i=1

(ui − u0)2 ≤ E2‖∇u‖2L2(T )d . (17)

Let us first mention that the the inequalities (16) and (17) are true for any regular
tetrahedron T̂ . Now, let FT be an affine mapping from T̂ to T . Denoting û = u ◦ F
one has that

|T̂ |‖u‖2L2(T ) = |T |‖û‖2
L2(T̂ )

,

which implies (16) for any T . Let JT be the Jacobian matrix of the mapping FT ,

setting ‖JT ‖ = supx6=0
|JTx|
|x| one can show that (see e.g. [10])

‖JT ‖ ≤
hT
ρ
T̂

and ‖J−1
T ‖ ≥

h
T̂

ρT
.

Therefore for any T we have(
ρ
T̂

hT

)2

|T |‖∇û‖2
L2(T̂ )d

≤ |T̂ |‖∇u‖2L2(T )d ≤
(
h
T̂

ρT

)2

|T |‖∇û‖2
L2(T̂ )d

.

Let u ∈WD and κ ∈M, it results that one has

D1‖πT u‖2L2(κ) ≤
∑

T=xκxσss′∈Tκ

|T |
(
u2
κ + u2

σ + u2
s + u2

s′

)
≤ D2‖πT u‖2L2(κ).
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Since there exist F1 > 0 and F2 > 0 depending only on γM and θT such that
F1|T | ≤ |κ| ≤ F2|T | for all T ∈ Tκ, κ ∈ M it proves (14) using the convexity
estimate 0 ≤ u2

σ ≤
∑

s∈Vσ βσ,su
2
s ≤

∑
s∈Vσ u

2
s.

Similarly we have that

E1‖∇πT u‖2L2(κ)d ≤
∑

T=xκxσss′∈Tκ

|T |
(hT )2

(
(uσ − uκ)2 + (us − uκ)2 + (us′ − uκ)2

)
≤ E2‖∇πT u‖2L2(κ)d

and 0 ≤ (uσ − uκ)2 ≤
∑

s∈Vσ βσ,s(us − uκ)2 ≤
∑

s∈Vσ(us − uκ)2. Since there exist
G1 > 0 and G2 > 0 depending only on γM and θT such that G1hκ ≤ hT ≤ G2hκ for
all T ∈ Tκ, κ ∈M, it proves (15). �

Lemma 3.3 There exist C1 > 0 and C2 > 0 depending only on γM and θT such
that for all u ∈W 0

D

‖πDu‖L2(Ω) ≤ C1‖πT u‖L2(Ω) ≤ C2 ‖∇πT u‖L2(Ω)d . (18)

Proof: From the continuous Poincaré inequality and from πT u ∈ H1
0 (Ω) there exists

C, depending only on the domain Ω, such that for all u ∈W 0
D

‖πT u‖L2(Ω) ≤ C ‖∇πT u‖L2(Ω)d .

From (14) we deduce that there exists C depending only on γM and θT such that
for all u ∈WD∑
κ∈M

(
mκ(uκ)2 +

∑
s∈Vκ∩Vint

mκ,s(us)
2
)
≤
∑
κ∈M

|κ|
(

(uκ)2 +
∑
s∈Vκ

(us)
2
)
≤ C‖πT u‖2L2(Ω),

which ends the proof of the lemma. �

Lemma 3.4 There exists C > 0 depending only on γM and θT such that, for all
u ∈WD, one has the estimate

‖πDu− πT u‖L2(Ω) + ‖πDu− πMu‖L2(Ω) ≤ C hT ‖∇πT u‖L2(Ω)d . (19)

Proof: Using (15), there exists C > 0 depending only on γM and θT such that

‖πDu− πMu‖2L2(Ω) =
∑
κ∈M

∑
s∈Vκ∩Vint

mκ,s(us − uκ)2

≤ max
κ∈M

(hκ)2
∑
κ∈M

|κ|
(hκ)2

∑
s∈Vκ

(us − uκ)2,

≤ C(hT )2‖∇πT u‖2L2(Ω)d ,

which proves the first part of the inequality. Similarly, using (14) and (15), there
exists C depending only on γM and θT , such that

‖πMu− πT u‖2L2(Ω) ≤ C
∑
κ∈M

|κ|
∑
s∈Vκ

(us − uκ)2 ≤ C (hT )2‖∇πT u‖2L2(Ω)d .

�
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Lemma 3.5 There exists C > 0 depending only on γM, θT and Λ such that, for all
u ∈WD and for all θκ,s ∈ R, s ∈ Vκ, κ ∈M, one has the estimate

|
∑
κ∈M

∑
s∈Vκ

θκ,sFκ,s(u)| ≤ C
(∑
κ∈M

|κ|
h2
κ

∑
s∈Vκ

θ2
κ,s

)1/2
‖∇πT u‖L2(Ω)d . (20)

Proof: Let us define the function θκ =
∑

s∈Vκ θκ,sηs, then from (13) and (15) one
has the estimates

|
∑
s∈Vκ

θκ,sFκ,s(u)| = |
∫
κ

Λ∇πT u · ∇θκdx|

≤ C‖∇πT u‖L2(κ)d

( |κ|
h2
κ

∑
s∈Vκ

θ2
κ,s

)1/2
,

from which the Lemma 3.5 is deduced. �

From the conformity of the VAG discretization and from the compact injection
of H1

0 (Ω) in L2(Ω), we can state the following compactness property.

Lemma 3.6 Let D(m), m ∈ N be a family of discretizations. Let u(m) ∈ W 0
D(m) ,

m ∈ N be such that ‖∇πT (m)u(m)‖L2(Ω)d is uniformly bounded. Then, there exists

u ∈ L2(Ω) such that, up to a subsequence,

πT (m)u(m) → u strongly in L2(Ω);

moreover u ∈ H1
0 (Ω) and ∇πT (m)u(m) ⇀ ∇u weakly in L2(Ω)d along the same

subsequence.

We also state the following approximation property which follows from the clas-
sical conforming finite element approximation theory and from the fact that the
interpolation operator Iσ(ψ) is exact on affine functions.

Lemma 3.7 Let ψ ∈ C2(Ω) and let ψT be defined by

ψT (x) =
∑

ν∈M∪V
ψ(xν)ην(x).

Then, there exists C(ψ) depending only on ψ, γM and θT , such that

‖ψT − ψ‖H1(Ω) ≤ C(ψ)hT .

3.2 A priori estimates

Let us set W 0
D,∆t = (W 0

D)N , and for all u = (un)n=1,··· ,N ∈W 0
D,∆t let us define

πD,∆tu(x, t) = πDu
n(x) for all (x, t) ∈ Ω× (tn−1, tn],

πM,∆tu(x, t) = πMu
n(x) for all (x, t) ∈ Ω× (tn−1, tn],

πT ,∆tu(x, t) = πT u
n(x) for all (x, t) ∈ Ω× (tn−1, tn].
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Proposition 3.8 (A priori estimates) Let S, p ∈W 0
D,∆t be a solution of the discrete

problem (6) - (10), then it satisfies the estimates

‖πD,∆tϕ(S)‖L∞(0,tf ;L2(Ω)) + ‖∇πT ,∆tϕ(S)‖L2(Qtf )d + ‖∇πT ,∆tp‖L∞(0,tf ;L2(Ω)d) ≤ C,
(21)

for C depending only on the data and on γM and θT .

Proof: We first prove the estimate on the discrete pressure. Let S, p ∈W 0
D,∆t be a

solution to the system (6) - (10), for each n ∈ {1, . . . , N} and any v ∈W 0
D we define

AnD(v) =
∑
κ∈M

∑
s∈Vκ

(vκ − vs)λ(Snκ )Fκ,s(p
n), (22)

EnD(v) =
∑

ν∈M∪Vint

mνvν(k+
ν + k−ν ). (23)

Remark that that in view of (6), (7) and (10) one has

AnD(v) = EnD(v) for all v ∈W 0
D. (24)

Setting v = pn, we deduce from the definition (11) and from Lemma 3.1 that∫
Ω
πMλ(Sn)Λ(x)∇πT pn · ∇πT pn dx =

1

∆t

∫ tn

tn−1

∫
Ω
πDp

n(x)(k+(x) + k−(x)) dxdt.

Applying the discrete Poincaré inequality given by Lemma 3.3 and taking into ac-
count the assumptions on the data, one can establish the estimate on the discrete
pressure

‖∇πT ,∆tp‖L∞(0,tf ;L2(Ω)d) ≤ C.

Before deriving the estimates on the discrete saturation, let us first introduce
some notations. For each n ∈ {1, . . . , N} and any v ∈W 0

D we define

Bn
D,∆t(v) =

∑
ν∈M∪Vint

φνmνvν
Snν − Sn−1

ν

∆t
, (25)

CnD(v) =
∑
κ∈M

∑
s∈Vκ

(vκ − vs)f(Snκ,s)λ(Snκ )Fκ,s(p
n), (26)

Dn
D(v) =

∑
κ∈M

∑
s∈Vκ

(vκ − vs)Fκ,s(ϕ(Sn)), (27)

FnD(v) =
∑

ν∈M∪Vint

mνvνk
o,n
ν . (28)

It follows from (8), (9) and (10) that

Bn
D,∆t(v) + CnD(v) +Dn

D(v) = FnD(v) for all v ∈W 0
D. (29)

Actually, for a given Sn−1 the variational problem (24)-(29) is equivalent to (6) -
(10).

International Journal on Finite Volumes 13



Convergence of the VAG scheme for two-phase Darcy flows

Let us first estimate
∑m

n=1∆tBn
D,∆t(ϕ(Sn)) for m ∈ {1, . . . , N}, we remark that

defining

Φ(S) =

∫ S

0
ϕ(τ) dτ for all S ∈ R,

one has
1

2Lϕ
(ϕ(S))2 ≤ Φ(S) ≤ Lϕ

2
S2, (30)

where Lϕ is the Lipschitz constant of the function ϕ (cf. Lemma 11.7 of [5]). We
have that

Φ(a)− Φ(b) = ϕ(a)(a− b) +

∫ a

b
(ϕ(τ)− ϕ(a)) dτ for all a, b ∈ R.

Thus, in view of the monotonicity of ϕ, the last term in the above inequality is non
positive so that

m∑
n=1

∆tBn
D,∆t(ϕ(Sn)) ≥

m∑
n=1

∑
ν∈M∪Vint

φνmν

(
Φ(Snν )− Φ(Sn−1

ν )
)

≥
∑

ν∈M∪Vint

φνmν

(
Φ(Smν )− Φ(S0

ν)
)
,

which leads, using (30), to

m∑
n=1

∆tBn
D,∆t(ϕ(Sn)) ≥ 1

2Lϕ

∑
ν∈M∪Vint

φνmν(ϕ(Smν ))2 − Lϕ
2

∑
ν∈M∪Vint

φνmν(S0
ν)2

and then to

m∑
n=1

∆tBn
D,∆t(ϕ(Sn)) ≥

φ

2Lϕ
‖πDϕ(Sm)‖2L2(Ω) −

φLϕ
2
‖πDS0‖2L2(Ω) (31)

in view of assumption H1.
Next, applying Lemma 3.5 with u = pn and θnκ,s = (ϕ(Snκ )−ϕ(Sns ))f(Snκ,s) λ(Snκ )

one can derive that

m∑
n=1

∆tCnD(ϕ(Sn)) ≤ C‖∇πT ,∆tp‖L2(Qtf )d

( m∑
n=1

∆t
∑
κ∈M

|κ|
h2
κ

∑
s∈Vκ

(θnκ,s)
2
)1/2

.

Using the boundedness of f and λ, (15), and the estimate on the discrete pressure,
we deduce that

m∑
n=1

∆tCnD(ϕ(Sn)) ≤ C‖∇πT ,∆tϕ(S)‖L2(Qtf )d . (32)

It follows from Lemma 3.1 that

m∑
n=1

∆tDn
D(ϕ(Sn)) ≥ Λ‖∇πT ,∆tϕ(S)‖2L2(Qtf )d . (33)
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Applying the Cauchy-Schwarz inequality to
∑m

n=1∆tFnD(ϕ(Sn)) we obtain

m∑
n=1

∆tFnD(ϕ(Sn)) ≤ ‖πD,∆tko,n‖L2(Qtf )‖πD,∆tϕ(S)‖L2(Qtf ).

Thus, from Lemma 3.3, the assumption H6, and the boundedness of f , we deduce
that there exists some positive C such that

m∑
n=1

∆tFnD(ϕ(Sn)) ≤ C‖∇πT ,∆tϕ(S)‖L2(Qtf )d . (34)

Gathering (31), (32), (33) and (34), and using the Young inequality, the proof is
completed. �

From Proposition 3.8 we deduce the following existence result for the discrete
solution which can be proven by a simple adaptation of Theorem 12.2 of [5] based
on a topological degree argument.

Lemma 3.9 The discrete problem (6) - (10) has at least one solution.

Lemma 3.10 (A priori estimates in dual norm) Let S, p ∈ W 0
D,∆t be a solution of

the discrete problem (6) - (10), then there exists C depending only on γM, θT and
on the data such that

N∑
n=1

1

∆t
‖Sn − Sn−1‖2−1,2,T ≤ C, (35)

where the norm ‖ · ‖−1,2,T is defined by

‖v‖−1,2,T = sup
w∈W 0

D, w 6=0

1

‖∇πT w‖L2(Ω)d

∑
ν∈M∪Vint

mνvνwν for all v ∈W 0
D.

Proof: Let ψ ∈W 0
D, using the notations of Proposition 3.8, we deduce from Lemma

3.5 the following inequality

|CnD(ψ)| ≤ C

(∑
κ∈M

∑
s∈Vκ

|κ|
(hκ)2

f(Snκ,s)
2λ2(Snκ )(ψs − ψκ)2

) 1
2

‖∇πT pn‖L2(Ω)d .

In view of (21), and since f and λ are bounded, we obtain

|CnD(ψ)| ≤ C‖∇πT ψ‖L2(Ω)d .

Thanks to (13) and our assumption on Λ(x) one has

|Dn
D(ψ)| ≤ Λ‖∇πT ψ‖L2(Ω)d‖∇πT ϕ(Sn)‖L2(Ω)d .

Next, it follows from the Cauchy-Schwarz inequality , the boundedness of f and
Lemma 3.3 inequality that there exists C depending only on γM and θT such that

|FnD(ψ)| ≤ C‖∇πT ψ‖L2(Ω)d .
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Thus, in view of (29) and of (5)

φ
∑

ν∈M∪Vint

mν

(
Snν − Sn−1

ν

)
ψν ≤ C∆t

(
1 + ‖∇πT ϕ(Sn)‖L2(Ω)d

)
‖∇πT ψ‖L2(Ω)d

and
‖Sn − Sn−1‖−1,2,T ≤ C∆t

(
1 + ‖∇πT ϕ(Sn)‖L2(Ω)d

)
,

which in turn implies (35) thanks to (21). �

Lemma 3.11 Let S, p ∈W 0
D,∆t be a solution of the discrete problem (6) - (10), then

there exists C depending only on γM, θT and the data such that∫ tf−τ

0

∫
Ω

(πD,∆tϕ(S)(·, ·+ τ)− πD,∆tϕ(S)
)2

dxdt ≤ Cτ for all τ > 0. (36)

Proof: Let dse denotes the smallest integer larger or equal to s, we set n∆t(t) =
dt/∆te for all t ∈ [0, tf ]. In view of H1, we have that∫ tf−τ

0

∫
Ω

(πD,∆tϕ(S)(·, ·+ τ)− πD,∆tϕ(S)
)2

dxdt ≤

≤ Lϕ
∫ tf−τ

0

∑
ν∈M∪Vint

mν

(
ϕ
(
Sn∆t(t+τ)
ν

)
− ϕ

(
Sn∆t(t)
ν

))
·
n∆t(t+τ)∑
k=n∆t(t)+1

(
Skν − Sk−1

ν

)
dt

(37)
For all ξ ∈ [0, τ ] we define

Tξ(τ) =

∫ tf−τ

0

n∆t(t+τ)∑
k=n∆t(t)+1

∑
ν∈M∪Vint

mνϕ
(
Sn∆t(t+ξ)
ν

)(
Skν − Sk−1

ν

)
dt

such that

Tξ(τ) ≤
∫ tf−τ

0

n∆t(t+τ)∑
k=n∆t(t)+1

‖∇πT ϕ
(
Sn∆t(t+ξ)

)
‖L2(Ω)d‖Skν − Sk−1

ν ‖−1,2,T dt

≤ 1

2

∫ tf−τ

0

n∆t(t+τ)∑
k=n∆t(t)+1

∆t‖∇πT ϕ
(
Sn∆t(t+ξ)

)
‖2L2(Ω)ddt

+
1

2

∫ tf−τ

0

n∆t(t+τ)∑
k=n∆t(t)+1

1

∆t
‖Skν − Sk−1

ν ‖2−1,2,T dt.

It follows from Lemma 6.1 and 6.2 of [1] that

Tξ(τ) ≤ τ

2

N∑
k=1

∆t‖∇πT ϕ
(
Sk
)
‖2L2(Ω)d +

τ

2

N∑
k=1

1

∆t
‖Sk − Sk−1‖2−1,2,T .

Thus, in view of Proposition 3.8 and Lemma 3.10 we have that Tξ(τ) ≤ Cτ for all
ξ ∈ [0, τ ], where C depends only on γM, θT and on the data. To complete the
proof, it suffices to notice that the right-hand-side of inequality (37) is equal to
Tτ (τ)− T0(τ). �
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3.3 Convergence proof

This section is devoted to the proof of the following theorem.

Theorem 3.12 (Main result) Let (D(m))m∈N be a sequence of discretizations of Ω
such that there exist two positive constants θ and γ satisfying θT (m) ≤ θ, γM(m) ≤ γ
for all m ∈ N, and such that hT (m) → 0 as m→∞. Let ∆t(m) be a sequence of real
positive numbers, such that tf/∆t

(m) ∈ N for all m ∈ N and such that ∆t(m) → 0 as
m→∞. Let

(
S(m), p(m)

)
m∈N be a corresponding sequence of approximate solutions.

Then, there exist S ∈ L∞(0, tf ; L2(Ω)), p ∈ L∞(0, tf ;H1
0 (Ω)) and a subsequence of(

S(m), p(m)
)
m∈N, which we denote again by

(
S(m), p(m)

)
m∈N, such that

πD(m)∆t(m)S(m), πM(m)∆t(m)S(m) → S strongly in L2(Qtf ) as m→∞

and
πT (m)∆t(m)p(m) ⇀ p weakly in L2(Qtf ) as m→∞;

moreover ϕ(S) ∈ L2(0, tf ;H1
0 (Ω)) and (S, p) verifies the system (2) in the weak sense

(3).

To begin with, we prove a compactness and the regularity of the limit of the
sequences πT (m)∆t(m)ϕ

(
S(m)

)
and πT (m)∆t(m)p(m).

Lemma 3.13 There exists S ∈ L2(Qtf ) such that ϕ(S) ∈ L2(0, tf ;H1
0 (Ω)) and up

to a subsequence,

πT (m)∆t(m)ϕ
(
S(m)

)
→ ϕ(S) strongly in L2(Qtf ) as m→ +∞,

and
∇πT (m)∆t(m)ϕ

(
S(m)

)
⇀ ∇ϕ(S) weakly in L2(Qtf )

d
as m→ +∞.

Moreover πD(m)∆t(m)S(m) and πM(m)∆t(m)S(m) converge to S strongly in L2(Qtf ) as
m→ +∞ up to the same subsequence.

Proof: Extending πT (m)∆t(m)ϕ
(
S(m)

)
by zero outside of Qtf we deduce from (21),

(36) and (19) that there exists C depending only on γ, θ and on the data such

‖πT (m)∆t(m)ϕ
(
S(m)

)
(·, ·+ τ)− πT (m)∆t(m)ϕ

(
S(m)

)
‖L2(Rd+1) ≤ C(τ + hT (m))

and therefore using Lemma B.2 of [11] we have that

lim
τ→0

sup
m∈N

{
‖πT (m)∆t(m)ϕ

(
S(m)

)
(·, ·+ τ)− πT (m)∆t(m)ϕ

(
S(m)

)
‖L2(Rd+1)

}
= 0.

Since, from the a priori estimate (21), the sequence πT (m)∆t(m)ϕ
(
S(m)

)
is also uni-

formly bounded in L2(R;H1
0 (Rd)), we deduce from the Fréchet-Kolmogorov Theorem

that the sequence
(
πT (m)∆t(m)ϕ

(
S(m)

))
m∈N is relatively compact in L2(Rd+1) (and

also in L2(Qtf )). Therefore, there exists some function Φ ∈ L2(Qtf ) such that up to

a subsequence πT (m)∆t(m)ϕ
(
S(m)

)
→ Φ strongly in L2(Rd+1) (and also in L2(Qtf )).
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On the other hand, a simple adaptation of Lemma 3.6 to the time-dependent
setting allows to conclude that

Φ ∈ L2(0, tf ;H1
0 (Ω)) and ∇πT (m)∆t(m)ϕ

(
S(m)

)
⇀ ∇Φ weakly in L2(Qtf )

d
,

as m→∞ up to the same subsequence.
It remains to show that πD(m)∆t(m)S(m) and πM(m)∆t(m)S(m) converge strongly to

S := ϕ−1(Φ). Let us first remark that πD(m)∆t(m)ϕ
(
S(m)

)
and πM(m)∆t(m)ϕ

(
S(m)

)
converges in L2(Qtf ) to ϕ(S) along the same subsequence as πT (m)∆t(m)ϕ

(
S(m)

)
thanks to (19) and (21). Next, in view of the assumptions H1 and H7 the function
ϕ−1 belongs to C(R) and satisfies

|ϕ−1(u)| ≤ 1 + L−1
ϕ |u|. (38)

Therefore, one can deduce (cf. [1, Lemma 7.1 ]) that, up to a subsequence,

πD(m)∆t(m)S(m), πM(m)∆t(m)S(m) → S = ϕ−1(Φ) strongly in L2(Qtf ).

�

From Lemma 3.6 and Proposition 3.8 we can state the following Lemma.

Lemma 3.14 There exists p ∈ L∞(0, tf ;H1
0 (Ω)) such that, up to a subsequence,

πT (m)∆t(m)p(m) ⇀ p weakly in L2(Qtf ) as m→ +∞.

Moreover,
(
∇πT (m)∆t(m)p(m)

)
m

converges weakly in L2(Qtf )
d

to ∇p along the same
subsequence.

Finally we prove that the function pair (S, p) is a weak solution in the sense of (3).
For this purpose we introduce the function space

Ψ = {ψ ∈ C2,1(Ω× [0, tf ]), ψ = 0 on ∂Ω× [0, tf ], ψ(·, tf ) = 0}.

For any ψ ∈ Ψ we define its projection on the discrete space W 0
D,∆t by ψnν = ψ(xν , tn)

for all ν ∈ M∪ V; the corresponding projection of ψ onto the finite element space
VT is denoted by πT ,∆tψ.
We recall that for all n ∈ {1, . . . , N} the system (6)-(10) can be written in the
following variational form

AnD(v) = EnD(v) for all v ∈W 0
D,

Bn
D,∆t(v) + CnD(v) +Dn

D(v) = FnD(v) for all v ∈W 0
D,

where AnD(v), EnD(v), Bn
D,∆t(v), CnD(v), Dn

D(v), FnD(v) have been defined in respec-
tively equations (22), (23), (25), (26), (27), (28). In particular we have that

N∑
n=1

∆tAnD(ψn−1) =

N∑
n=1

∆tEnD(ψn−1),

N∑
n=1

∆tBn
D,∆t(ψ

n−1) +

N∑
n=1

∆tCnD(ψn−1) +

N∑
n=1

∆tDn
D(ψn−1) =

N∑
n=1

∆tFnD(ψn−1).

(39)
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For each of the term in (39) we will prove a corresponding convergence result.

Accumulation term We consider the term
∑N

n=1∆tBn
D,∆t(ψ

n−1). Applying the

chain rule and using the fact that ψ(x, T ) = 0 we obtain

N∑
n=1

∆tBn
D,∆t(ψ

n−1) = −
N∑
n=1

∑
ν∈M∪Vint

∫ tn

tn−1

∫
ων

φ(x)πD,∆tS(x, t)∂tψ(xν , t) dxdt

−
∑

ν∈M∪Vint

∫
ων

φ(x)ψ(xν , 0)S0(x) dx.

The proof of the fact that

N∑
n=1

∆tBn
D,∆t(ψ

n−1)→ −
∫

Ω

∫ tf

0
φ(x)S(x, t)∂tψ(x, t) dxdt−

∫
Ω
φ(x)ψ(x, 0)S0(x) dx

is classical since in view of Lemma 3.13 the function πD,∆tS tends to S strongly in
L2(Qtf ).

Diffusion terms It follows from (22) and (13) that

N∑
n=1

∆tAnD(ψn−1) =

∫ tf

0

∫
Ω
λ (πM,∆tS(x, t)) Λ(x)∇πT ,∆tp(x, t)·∇πT ,∆tψ(x, t−∆t) dxdt.

Hence,

N∑
n=1

∆tAnD(ψn−1)→
∫ tf

0

∫
Ω
λ (S(x, t)) Λ(x)∇p(x, t) · ∇ψ(x, t) dxdt

in view of Lemmae 3.13, 3.14 and 3.7. Similarly one can show that

N∑
n=1

∆tDn
D(ψn−1)→

∫ tf

0

∫
Ω

Λ(x)∇ϕ
(
S(x, t)

)
· ∇ψ(x, t) dxdt

using lemmae 3.13 and 3.7.
Convection term For each cell κ ∈ M let (Vκ,s)s∈Vκ be some partition of κ such

that |κ| =
∑
s∈Vκ

∫
Vκ,s

dx and |Vκ,s| =
∫
Vκ,s

dx > 0. For all κ ∈M and s ∈ Vκ we set

Tnκ,s =
1

|Vκ,s|
(ψn−1

κ − ψn−1
s )λ(Snκ )Fκ,s(p

n), (40)

and we define a piecewise constant function TV ∈ L2(Qtf ) such that TV (x, t) = Tnκ,s
for all x ∈ Vκ,s, t ∈ (tn−1, tn). We also define the function SV , such that SV (x, t) =
Snκ,s for x ∈ Vκ,s and t ∈ (tn−1, tn). Therefore, the convection term can be written
as

N∑
n=1

∆tCnD(ψn−1) =

∫ tf

0

∫
Ω
TV f(SV ) dxdt.
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Let us first remark that f(SV )→ f(S) strongly in L2(Qtf ). Indeed, using the same

type of estimates that in the proof of Lemma 3.4 one shows that ϕ(SV ) → ϕ(S)
strongly in L2(Qtf ), which yields the convergence of SV in view of (38). Hence,

f(SV ) → f(S) thanks to the assumption H2. We will show below that TV ⇀
λ(S)Λ∇p · ∇ψ weakly in L2(Qtf ). For all ξ ∈ Ψ we have∫ tf

0

∫
Ω
TV ξ dx = T1 + T2,

with

T1 =
N∑
n=1

∑
κ∈M

∑
s∈Vκ

∫ tn

tn−1

∫
Vκ,s

Tnκ,s (ξ − ξ(xκ, tn)) dxdt

and

T2 =

N∑
n=1

∑
κ∈M

∑
s∈Vκ

∫ tn

tn−1

∫
Vκ,s

Tnκ,sξ(xκ, tn) dxdt.

From (40) and (13) we deduce that

T2 =

∫ tf

0

∫
Ω
ξM,∆t(x, t)λ (πM,∆tS(x, t)) Λ(x)∇πT ,∆tp(x, t)·∇πT ,∆tψ(x, t−∆t) dxdt,

where ξM,∆t is a cellwise constant function defined by ξM,∆t = ξ(xκ, tn) for all

x ∈ κ and t ∈ (tn−1, tn). Since ∇πT ,∆tp(x, t) tends to ∇p weakly in L2(Qtf )
d
,

ξM,∆t tends to ξ strongly in L∞(Qtf ), ∇πT ,∆tψ(., . −∆t) tends to ∇ψ strongly in

L∞(Qtf )d, and λ (πM,∆tS) tends to λ(S) strongly in L2(Qtf ), we deduce that T2

tends to

∫ tf

0

∫
Ω
ξλ(S)Λ∇p · ∇ψ dxdt as hT ,∆t go to zero. On the other hand,

setting

Ξnκ,s =
1

∆t|Vκ,s|

∫ tn

tn−1

∫
Vκ,s

ξ dxdt− ξ(xκ, tn)

we obtain that

T1 =
N∑
n=1

∆t
∑
κ∈M

∑
s∈Vκ

(ψn−1
κ − ψn−1

s )λ(Snκ )Fκ,s(p
n)Ξnκ,s.

In view of Lemma 3.5 there exists a positive constant C1 independent of hκ and ∆t
such that

|T1|2 ≤ C

(
N∑
n=1

∆t
∑
κ∈M

∑
s∈Vκ

|κ|
h2
κ

(ψn−1
κ − ψn−1

s )2λ(Snκ )2
(
Ξnκ,s

)2) ‖∇πT ,∆tp‖2L2(Qtf )d
.

Thanks to the regularity of ξ and ψ there exists a positive constant C2 such that∣∣Ξnκ,s∣∣ ≤ C(hκ + ∆t) and |ψn−1
κ − ψn−1

s | ≤ Chκ.

which implies limhT ,∆t→0 T1 = 0 in view of inequality (21) and assumptions H2 and
H7.
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Source term In view of (11), the assumption H6 and using the regularity of φ we
deduce that

EnD(ψn−1) =
N∑
n=1

∫ tn

tn−1

∫
Ω
πD,∆tψ(x, tn−1)(k+(x) + k−(x)) dxdt

→
∫ tf

0

∫
Ω
ψ(x, t)(k+(x) + k−(x)) dxdt as hT ,∆t→ 0.

Similarly, let us set koD,∆t = f(πDS
inj)k+ + f(πD,∆tS)k−. Then, one has

FnD(ψn−1) =
N∑
n=1

∫ tn

tn−1

∫
Ω
πD,∆tψ(x, tn−1)koD,∆t(x, t) dxdt

→
∫ tf

0

∫
Ω
ψ(x, t)ko(x, S(x, t)) dxdt as hT ,∆t→ 0.

�

4 Numerical examples

We consider an homogeneous isotropic porous media of permeability Λ = I and
porosity φ = 1 on the domain Ω = (0, 1)d, d = 2, 3. The domain is initially saturated
with water S0 = 0 and oil (S = 1) is injected at the left side x = 0 of the domain
with a fixed total velocity VT = −λ(S)Λ∇P · n = 1. On the right side x = 1, the
oil saturation S = 0 and the global pressure P = 1 are imposed. Homogeneous
Neumann boundary conditions are imposed on the remaining sides of the domain,
and there is no source terms.

With such boundary conditions it is well known that the solution S, P of the
two-phase flow model depends only on the x coordinate and on time t. The oil
saturation S(x, t) is the solution of the following one-dimensional Buckley Leverett
degenerate parabolic equation

∂tS + ∂xf(S)− ∂x2ϕ(S) = 0 on (0, 1)× (0, tf ),
S = 1 on {x = 0} × (0, tf ),
S = 0 on {x = 1} × (0, tf ),

S|t=0 = 0 on (0, 1),

(41)

and the pressure is obtained from the saturation by the following integral

P (x, t) = 1 +

∫ 1

x

du

λ(S(u, t))
. (42)

In our numerical experiment, the relative permeabilities are given by kr,o(S) = S2

and kr,w(S) = (1−S)2 and the capillary pressure by Pc(S) = −Pc,1 log(1−S) +Pc,0
where the parameter Pc,1 ≥ 0 will basically control the capillary diffusion of the
saturation equation. The viscosity of the oil and water phases are chosen to be
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µo = 5 and µw = 1 which leads to the following total mobility, fractional flow, and
capillary diffusion functions

λ(S) =
S2

5
+ (1− S)2, f(S) =

S2

5
S2

5 + (1− S)2
, ϕ(S) =

Pc,1
5

∫ S

0

u2(1− u)
u2

5 + (1− u)2
du.

Note that ϕ(S) can be computed analytically.

The solution of the Buckley Leverett equation (41) and the pressure (42) are
computed numerically on a uniform 1D mesh of size nx = 1000 and with a time
step nsubdt = 20 times smaller than the time step used for the solution on the VAG
discretization on the domain (0, 1)d.

Let Se and Pe denote the discrete solutions of (41), (42) defined by a continuous
cellwise linear interpolation in space and a constant interpolation in time on each
of the nsubdtN time sub-intervals. We define the following approximations of the
L2(0, tf ,L

2(Ω)) norm of the errors for S, P :

‖eS‖2 :=

N∑
n=1

∆t‖πT Sn − Se(tn)‖2L2(Ω),

‖eP‖2 :=

N∑
n=1

∆t‖πT Pn − Pe(tn)‖2L2(Ω).

For ∇P , we obtain the approximation of the L2(0, tf , (L
2(Ω))d) error by

‖e∇P‖2 :=
N∑
n=1

∆t‖∇πT Pn −∇Pe(tn)‖2(L2(Ω))d .

The integrals in space are approximated using second order quadrature formulae in
each triangle (in 2D) or tetrahedra (in 3D).

We also define the convergence rates for each of the above error norms ‖e‖
between two successive meshes m and m+ 1 in dimension d:

τe = d
ln( ‖e

m‖
‖em+1‖)

ln(
#(Vm+1

int ∪V
m+1
N )

#(Vmint∪VmN ) )
.

The numerical experiments are done using the FVCA5 benchmark triangular
and Cartesian meshes in 2D and the FVCA6 benchmark tetrahedral, Cartesian, and
prismatic meshes in 3D. We have also added quadrangular and hexahedral meshes
obtained by random perturbation of the Cartesian meshes respectively for d = 2, 3.

Our main objective is to illustrate the convergence of the scheme independently
of the choice of the volume given by the parameters αs

κ. We will experiment three
choices of these parameters. The first choice roughly balances the volumes at the
vertices and at cells, the second choice sets very small volumes at the vertices, and
the third choice is a random choice of the volumes at the vertices.
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• Choice 1: ακ,s = ω 1
#Ms

, for ω = 0.5 in 2D and ω = 0.3 in 3D.

• Choice 2: ακ,s = ω 1
#Ms

, for ω = 0.01.

• Choice 3: ακ,s =


ω 1

#Ms
if {κ | rocktypeκ = 2} =Ms,

ω 1
#Ms

else if rocktypeκ = 1,

0 else if rocktypeκ = 2.
with ω = 0.5 in 2D and 0.3 in 3D and for a random choice of the rocktype
of the cells. This third choice mimics what is done in [17] to impose a single
rocktype at the vertices for a porous media with two rocktypes.

We also investigate the influence of the capillary diffusion parameter Pc,1 on the
convergence with three values of this parameter Pc,1 = 1 or 0.1 or 0. Note that the
value Pc,1 = 0 is not covered by our theoretical analysis.

In all the above numerical experiments, the time step is constant, and the num-
ber of time steps is fixed to 1600 in dimension d = 2 and to 400 in dimension d = 3
in such a way that the time discretization error is kept small with respect to the
space discretization error.

Figures 2 and 3 exhibit the convergence of the saturation on the 2D and 3D
meshes for a small capillary diffusion Pc,1 = 0.1 and the three choices of the vol-
umes. It clearly shows the weak dependence of the solution on the choice of the
parameters αs

κ. In addition the accuracies obtained for the three different choices of
the parameters αs

κ are always in the same order: the best accuracy is obtained for
the first choice, followed by the third choice and ending with the second choice. The
same result holds for the global pressure and its gradient as can be checked in the
tables below. It can easily be explained since, roughly speaking, the more balanced
the volume between cells and vertices, the better the accuracy, which corresponds
intuitively to an optimized refinement of the mesh.

Figures 4 and 5 compare the convergence of the saturation and of the global
pressure on the different meshes for fixed choices of the capillary diffusion Pc,1 = 0.1
and of the volumes. It exhibits that the convergence rate as a function of the num-
ber of nodes is roughly the same for the all these quasi uniform meshes as could be
expected. Besides, the constant is quite close for all the 2D and 3D mesh families
considered here.

Figures 6 and 7 compare the convergence of the saturation and of the global
pressure for different choices of the capillary diffusion parameter Pc,1 = 1, 0.1, 0,
and fixed families of meshes (quadrangular meshes in 2D and hexahedral meshes in
3D) and a fixed choice of the volumes. This time, the convergence rate is clearly
dependent on the capillary diffusion.

For Pc,1 = 0, it is as expected lower than for Pc,1 = 0.1, 1 due to the jump of the
saturation at the chock. Although our convergence proof does not cover this case,
the convergence is observed numerically whatever the choices of the volumes as can
be seen in the tables 12 and 18 below.
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For Pc,1 = 0.1 or 1, the convergence rate for the saturation is expected to tend
to 1 for a fine enough space discretization. This is clearly observed in 2D. In 3D
it is not so clear for Pc,1 = 0.1 certainly due to a too coarse space discretization
compared with the 2D case.

5 Conclusion

The convergence of the VAG discretization of the two-phase Darcy flow model to
a weak solution is shown whatever the choice of the volumes at the cell centers
and at the vertices for general polyhedral meshes and permeability tensors. This
is confirmed by the numerical experiments carried out for 2D and 3D families of
meshes. They show that the solution is only slightly dependent on the choice of
these volumes and exhibits a better accuracy when the volumes at the surrounding
cells and vertices are more balanced. This is basically due to the fact that it amounts
to a mesh refinement for the upwind approximation of the fractional flow term. We
also notice in the numerical experiments that these results seem to extend to the
case of no capillary diffusion not covered by our convergence analysis.

From these theoretical and numerical results, we deduce that the practical choice
of the volumes at the cell centers and at the vertices can be done, as proposed in
[17], in order first to respect the main heterogeneities of the porous media and sec-
ond to balance as much as possible the volumes at the neighbouring cells and vertices.

Acknowledgements: We would like to thank the anonymous reviewers for their
useful comments and remarks.
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xσ

s

xκ
e

s′

Figure 1: Tetrahedron Tκ,σ,e of the sub-mesh T .

Figure 2: L2(0, tf ,L
2(Ω)) errors for the saturation S on the Cartesian, quadrangular

and triangular meshes, Pc,1 = 0.1.
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Figure 3: L2(0, tf ,L
2(Ω)) errors for the saturation S on the Cartesian, hexahedral,

tetrahedral and prismatic meshes, Pc,1 = 0.1.

Figure 4: L2(0, tf ,L
2(Ω)) errors for S, P on the cartesian, quadrangular, and trian-

gular meshes with choice 1 of αs
κ and Pc,1 = 0.1.
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Figure 5: L2(0, tf ,L
2(Ω)) errors for S, P on the cartesian, hexahedral, tetrahedral,

and prismatic meshes with choice 1 of αs
κ and Pc,1 = 0.1.

Figure 6: L2(0, tf ,L
2(Ω)) errors for S, P on the quadrangular meshes, the first choice

of αs
κ, and the capillary diffusion parameter Pc,1 = 1, 0.1, 0.

Figure 7: L2(0, tf ,L
2(Ω)) errors for S, P on the hexahedral meshes, the first choice

of αs
κ, and the capillary diffusion parameter Pc,1 = 1, 0.1, 0.
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#(Vint ∪ VN ) ‖eS‖ τeS ‖eP‖ τeP ‖e∇P‖ τe∇P
20 0.59E-01 0.75E-01 0.34

72 0.38E-01 0.69 0.44E-01 0.83 0.23 0.62

272 0.25E-01 0.64 0.24E-01 0.88 0.15 0.61

1056 0.16E-01 0.67 0.13E-01 0.95 0.10 0.64

4160 0.95E-02 0.75 0.63E-02 1.02 0.62E-01 0.69

16512 0.51E-02 0.91 0.29E-02 1.12 0.36E-01 0.80

20 0.72E-01 0.13 0.45

72 0.50E-01 0.59 0.74E-01 0.87 0.30 0.65

272 0.34E-01 0.59 0.39E-01 0.97 0.19 0.67

1056 0.21E-01 0.66 0.19E-01 1.08 0.12 0.69

4160 0.12E-01 0.79 0.84E-02 1.18 0.72E-01 0.72

16512 0.64E-02 0.97 0.35E-02 1.26 0.41E-01 0.83

20 0.66E-01 0.96E-01 0.43

72 0.42E-01 0.69 0.55E-01 0.88 0.25 0.83

272 0.28E-01 0.60 0.30E-01 0.92 0.17 0.62

1056 0.19E-01 0.63 0.15E-01 0.97 0.11 0.64

4160 0.11E-01 0.77 0.72E-02 1.10 0.67E-01 0.70

16512 0.57E-02 0.94 0.32E-02 1.19 0.38E-01 0.81

Figure 8: Convergence of the L2 error for S, P and ∇P for the 2D Cartesian meshes
with Pc,1 = 0.1 and the three choices 1, 2, 3 in this order of αs

κ.
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#(Vint ∪ VN ) ‖eS‖ τeS ‖eP‖ τeP ‖e∇P‖ τe∇P
20 0.56E-01 0.73E-01 0.33

72 0.37E-01 0.65 0.44E-01 0.79 0.23 0.60

272 0.24E-01 0.62 0.24E-01 0.88 0.15 0.61

1056 0.16E-01 0.62 0.13E-01 0.92 0.10 0.59

4160 0.10E-01 0.70 0.68E-02 0.96 0.66E-01 0.63

16512 0.52E-02 0.93 0.30E-02 1.17 0.37E-01 0.84

20 0.70E-01 0.13 0.43

72 0.49E-01 0.57 0.74E-01 0.85 0.29 0.63

272 0.33E-01 0.58 0.39E-01 0.95 0.19 0.67

1056 0.21E-01 0.64 0.19E-01 1.08 0.12 0.66

4160 0.13E-01 0.74 0.89E-02 1.10 0.75E-01 0.67

16512 0.66E-02 0.98 0.36E-02 1.30 0.41E-01 0.87

20 0.61E-01 0.92E-01 0.36

72 0.41E-01 0.63 0.53E-01 0.87 0.25 0.60

272 0.28E-01 0.54 0.30E-01 0.84 0.17 0.60

1056 0.19E-01 0.63 0.16E-01 0.97 0.11 0.63

4160 0.11E-01 0.72 0.77E-02 1.03 0.70E-01 0.64

16512 0.59E-02 0.96 0.33E-02 1.23 0.39E-01 0.85

Figure 9: Convergence of the L2 error for S, P and ∇P for the 2D quadrangular
meshes with Pc,1 = 0.1 and the three choices 1, 2, 3 in this order of αs

κ.
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#(Vint ∪ VN ) ‖eS‖ τeS ‖eP‖ τeP ‖e∇P‖ τe∇P
32 0.52E-01 0.72E-01 0.32

120 0.35E-01 0.59 0.40E-01 0.89 0.20 0.68

464 0.24E-01 0.59 0.21E-01 0.96 0.13 0.64

1824 0.15E-01 0.66 0.11E-01 1.01 0.87E-01 0.60

7232 0.87E-02 0.79 0.50E-02 1.07 0.55E-01 0.66

28800 0.44E-02 0.99 0.23E-02 1.16 0.30E-01 0.87

32 0.62E-01 0.96E-01 0.36

120 0.42E-01 0.60 0.51E-01 0.97 0.22 0.70

464 0.27E-01 0.62 0.25E-01 1.05 0.14 0.67

1824 0.17E-01 0.70 0.12E-01 1.10 0.93E-01 0.62

7232 0.97E-02 0.82 0.54E-02 1.14 0.59E-01 0.68

28800 0.48E-02 1.02 0.23E-02 1.20 0.32E-01 0.88

32 0.56E-01 0.80E-01 0.34

120 0.39E-01 0.55 0.45E-01 0.87 0.21 0.69

464 0.25E-01 0.62 0.23E-01 1.00 0.14 0.66

1824 0.16E-01 0.67 0.11E-01 1.06 0.90E-01 0.61

7232 0.92E-02 0.81 0.52E-02 1.10 0.57E-01 0.67

28800 0.46E-02 1.01 0.23E-02 1.18 0.31E-01 0.88

Figure 10: Convergence of the L2 error for S, P and ∇P for the 2D triangular
meshes with Pc,1 = 0.1 and the three choices 1, 2, 3 in this order of αs

κ.
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#(Vint ∪ VN ) ‖eS‖ τeS ‖eP‖ τeP ‖e∇P‖ τe∇P
20 0.39E-01 0.44E-01 0.27

72 0.22E-01 0.87 0.23E-01 1.01 0.16 0.78

272 0.13E-01 0.84 0.11E-01 1.16 0.92E-01 0.86

1056 0.76E-02 0.76 0.54E-02 1.02 0.54E-01 0.79

4160 0.42E-02 0.84 0.26E-02 1.07 0.29E-01 0.89

16512 0.23E-02 0.90 0.11E-02 1.18 0.14E-01 1.03

20 0.47E-01 0.77E-01 0.31

72 0.27E-01 0.85 0.34E-01 1.30 0.18 0.89

272 0.15E-01 0.90 0.14E-01 1.36 0.97E-01 0.90

1056 0.84E-02 0.86 0.59E-02 1.23 0.56E-01 0.82

4160 0.45E-02 0.91 0.28E-02 1.12 0.30E-01 0.90

16512 0.24E-02 0.94 0.12E-02 1.21 0.15E-01 1.04

20 0.42E-01 0.57E-01 0.28

72 0.24E-01 0.85 0.26E-01 1.20 0.17 0.80

272 0.14E-01 0.85 0.12E-01 1.23 0.95E-01 0.87

1056 0.79E-02 0.82 0.56E-02 1.07 0.55E-01 0.82

4160 0.44E-02 0.87 0.26E-02 1.10 0.30E-01 0.89

16512 0.23E-02 0.91 0.12E-02 1.19 0.15E-01 1.04

Figure 11: Convergence of the L2 error for S, P and ∇P for the 2D quadrangular
meshes with Pc,1 = 1 and the three choices 1, 2, 3 in this order of αs

κ.
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#(Vint ∪ VN ) ‖eS‖ τeS ‖eP‖ τeP ‖e∇P‖ τe∇P
20 0.64E-01 0.85E-01 0.35

72 0.46E-01 0.52 0.54E-01 0.71 0.25 0.56

272 0.34E-01 0.44 0.33E-01 0.72 0.17 0.56

1056 0.26E-01 0.40 0.20E-01 0.79 0.12 0.55

4160 0.20E-01 0.43 0.11E-01 0.78 0.81E-01 0.54

16512 0.13E-01 0.55 0.58E-02 0.99 0.54E-01 0.57

20 0.79E-01 0.14 0.48

72 0.59E-01 0.45 0.91E-01 0.71 0.34 0.54

272 0.46E-01 0.39 0.56E-01 0.73 0.24 0.55

1056 0.36E-01 0.36 0.34E-01 0.75 0.16 0.54

4160 0.28E-01 0.37 0.20E-01 0.73 0.11 0.53

16512 0.20E-01 0.45 0.11E-01 0.88 0.77E-01 0.57

20 0.69E-01 0.11 0.40

72 0.51E-01 0.50 0.65E-01 0.78 0.28 0.54

272 0.40E-01 0.36 0.43E-01 0.63 0.20 0.50

1056 0.31E-01 0.37 0.26E-01 0.74 0.14 0.56

4160 0.24E-01 0.38 0.16E-01 0.73 0.95E-01 0.52

16512 0.17E-01 0.48 0.83E-02 0.91 0.65E-01 0.57

Figure 12: Convergence of the L2 error for S, P and ∇P for the 2D quadrangular
meshes with Pc,1 = 0 (no capillary diffusion) and the three choices 1, 2, 3 in this
order of αs

κ.

#(Vint ∪ VN ) ‖eS‖ τeS ‖eP‖ τeP ‖e∇P‖ τe∇P
18 0.11 0.12 0.52

100 0.64E-01 0.86 0.85E-01 0.62 0.39 0.51

648 0.42E-01 0.70 0.51E-01 0.82 0.26 0.65

4624 0.27E-01 0.63 0.28E-01 0.89 0.17 0.66

34848 0.18E-01 0.65 0.15E-01 0.96 0.11 0.66

18 0.12 0.20 0.66

100 0.78E-01 0.72 0.13 0.79 0.47 0.61

648 0.52E-01 0.64 0.75E-01 0.89 0.31 0.68

4624 0.35E-01 0.61 0.40E-01 0.96 0.19 0.69

34848 0.22E-01 0.66 0.20E-01 1.05 0.12 0.68

18 0.11 0.15 0.58

100 0.71E-01 0.72 0.10 0.69 0.42 0.54

648 0.46E-01 0.68 0.60E-01 0.83 0.28 0.68

4624 0.31E-01 0.59 0.34E-01 0.87 0.18 0.65

34848 0.20E-01 0.65 0.17E-01 0.99 0.11 0.67

Figure 13: Convergence of the L2 error for S, P and ∇P for the 3D Cartesian meshes
with Pc,1 = 0.1 and the three choices 1, 2, 3 in this order of αs

κ.
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#(Vint ∪ VN ) ‖eS‖ τeS ‖eP‖ τeP ‖e∇P‖ τe∇P
18 0.10 0.12 0.50

100 0.61E-01 0.89 0.83E-01 0.66 0.37 0.54

648 0.40E-01 0.69 0.51E-01 0.78 0.25 0.63

4624 0.26E-01 0.61 0.28E-01 0.89 0.16 0.65

34848 0.18E-01 0.56 0.15E-01 0.92 0.11 0.59

18 0.11 0.20 0.65

100 0.75E-01 0.74 0.13 0.81 0.45 0.65

648 0.50E-01 0.63 0.74E-01 0.87 0.30 0.66

4624 0.34E-01 0.60 0.40E-01 0.95 0.19 0.68

34848 0.22E-01 0.62 0.20E-01 1.04 0.12 0.64

18 0.10 0.14 0.54

100 0.65E-01 0.82 0.94E-01 0.66 0.39 0.54

648 0.45E-01 0.62 0.60E-01 0.73 0.27 0.60

4624 0.30E-01 0.58 0.34E-01 0.86 0.18 0.66

34848 0.20E-01 0.59 0.18E-01 0.98 0.12 0.61

Figure 14: Convergence of the L2 error for S, P and ∇P for the 3D Hexahedral
meshes with Pc,1 = 0.1 and the three choices 1, 2, 3 in this order of αs

κ.

#(Vint ∪ VN ) ‖eS‖ τeS ‖eP‖ τeP ‖e∇P‖ τe∇P
766 0.47E-01 0.63 0.48E-01 1.08 0.24 0.74

1452 0.42E-01 0.56 0.40E-01 0.93 0.21 0.64

2777 0.37E-01 0.63 0.32E-01 0.94 0.18 0.63

5356 0.32E-01 0.62 0.26E-01 0.97 0.16 0.59

10468 0.28E-01 0.61 0.21E-01 0.98 0.14 0.56

766 0.49E-01 0.65 0.51E-01 1.12 0.24 0.75

1452 0.43E-01 0.58 0.41E-01 0.97 0.21 0.65

2777 0.38E-01 0.64 0.33E-01 0.96 0.18 0.64

5356 0.33E-01 0.63 0.27E-01 1.00 0.16 0.60

10468 0.29E-01 0.62 0.21E-01 1.00 0.14 0.56

766 0.48E-01 0.64 0.49E-01 1.11 0.24 0.74

1452 0.43E-01 0.57 0.40E-01 0.95 0.21 0.65

2777 0.37E-01 0.63 0.33E-01 0.94 0.18 0.63

5356 0.33E-01 0.62 0.26E-01 0.99 0.16 0.59

10468 0.28E-01 0.61 0.21E-01 0.99 0.14 0.56

Figure 15: Convergence of the L2 error for S, P and ∇P for the 3D tetrahedral
meshes with Pc,1 = 0.1 and the three choices 1, 2, 3 in this order of αs

κ.
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#(Vint ∪ VN ) ‖eS‖ τeS ‖eP‖ τeP ‖e∇P‖ τe∇P
1210 0.43E-01 0.48E-01 0.25

8820 0.29E-01 0.60 0.26E-01 0.91 0.16 0.66

28830 0.23E-01 0.62 0.18E-01 0.93 0.13 0.61

67240 0.19E-01 0.66 0.14E-01 0.94 0.11 0.59

1210 0.48E-01 0.57E-01 0.26

8820 0.32E-01 0.62 0.30E-01 0.98 0.17 0.68

28830 0.25E-01 0.65 0.20E-01 1.00 0.13 0.63

67240 0.20E-01 0.68 0.15E-01 1.00 0.11 0.60

1210 0.45E-01 0.52E-01 0.25

8820 0.30E-01 0.60 0.28E-01 0.94 0.16 0.67

28830 0.24E-01 0.64 0.19E-01 0.97 0.13 0.62

67240 0.20E-01 0.67 0.15E-01 0.97 0.11 0.60

Figure 16: Convergence of the L2 error for S, P and ∇P for the 3D prismatic meshes
with Pc,1 = 0.1 and the three choices 1, 2, 3 in this order of αs

κ.

#(Vint ∪ VN ) ‖eS‖ τeS ‖eP‖ τeP ‖e∇P‖ τe∇P
18 0.82E-01 0.97E-01 0.46

100 0.45E-01 1.05 0.50E-01 1.16 0.30 0.77

648 0.26E-01 0.92 0.24E-01 1.14 0.18 0.85

4624 0.14E-01 0.87 0.11E-01 1.17 0.99E-01 0.89

34848 0.90E-02 0.70 0.61E-02 0.92 0.60E-01 0.72

18 0.91E-01 0.15 0.55

100 0.53E-01 0.95 0.78E-01 1.13 0.33 0.87

648 0.30E-01 0.92 0.34E-01 1.30 0.19 0.92

4624 0.16E-01 0.93 0.14E-01 1.32 0.10 0.92

34848 0.96E-02 0.80 0.68E-02 1.11 0.62E-01 0.77

18 0.85E-01 0.11 0.48

100 0.48E-01 1.01 0.58E-01 1.03 0.31 0.78

648 0.28E-01 0.89 0.28E-01 1.16 0.18 0.84

4624 0.15E-01 0.89 0.13E-01 1.20 0.10 0.90

34848 0.93E-02 0.75 0.65E-02 1.02 0.61E-01 0.75

Figure 17: Convergence of the L2 error for S, P and ∇P for the 3D Hexahedral
meshes with Pc,1 = 1 and the three choices 1, 2, 3 in this order of αs

κ.
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#(Vint ∪ VN ) ‖eS‖ τeS ‖eP‖ τeP ‖e∇P‖ τe∇P
18 0.11 0.13 0.52

100 0.68E-01 0.80 0.96E-01 0.52 0.40 0.46

648 0.48E-01 0.55 0.63E-01 0.68 0.28 0.56

4624 0.37E-01 0.43 0.40E-01 0.70 0.20 0.56

34848 0.29E-01 0.36 0.24E-01 0.75 0.14 0.54

18 0.12 0.22 0.68

100 0.83E-01 0.67 0.14 0.72 0.49 0.57

648 0.60E-01 0.50 0.92E-01 0.72 0.35 0.57

4624 0.46E-01 0.41 0.57E-01 0.73 0.24 0.56

34848 0.36E-01 0.36 0.35E-01 0.75 0.17 0.54

18 0.11 0.15 0.56

100 0.73E-01 0.74 0.11 0.55 0.43 0.46

648 0.54E-01 0.49 0.74E-01 0.61 0.31 0.51

4624 0.42E-01 0.39 0.48E-01 0.66 0.22 0.55

34848 0.33E-01 0.35 0.30E-01 0.72 0.15 0.53

Figure 18: Convergence of the L2 error for S, P and ∇P for the 3D Hexahedral
meshes with Pc,1 = 0 and the three choices 1, 2, 3 in this order of αs

κ.
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